1 Premilinaries

Fuzzy set theory and fuzzy logic is viewed as a generalisation of ordinary set
theory and logic. To this vein, we will first explore set theory and logic in a
slightly rigourous fashion so that when we consider its generalisation, we do not
end up feeling lost in a technical jargon but are, rather, able to relate directly
to our previous concepts.

1.1 Propositional Logic

Propositional Logic of first order PL(1) consists of syntax (grammar), semantics
(meaning), inference rules and derivation. A rule of inference, inference rule,
or transformation rule is a logical form consisting of a function which takes
premises, analyzes their syntax, and returns a conclusion (or conclusions). For
example, the rule of inference called modus ponens takes two premises, one in
the form "If p then ¢" and another in the form "p", and returns the conclusion
"g". A derivation, on the other hand, is the conclusion of the argument via
inference.

PL can be viewed as a language of human reasoning and this language is
based on alphabets i.e. symbols

The alphabets or primitive symbols of PL consist of

a) Propositional variables denoted by p, q,r, 5,1, ...

b) Constants denoted by T' and C

¢) Connectives denoted by V,A, N —, < respectively called disjunction,
conjunction, negation, conditional and biconditional

Just as in any language, syntax or grammar is used to generate sentences.
In PL too, syntax is used to generate well-formed formulae (WFFs) which are
analogous to sentences. The WFFs are characterised recursively or inductively
as follows:

a) All propositional variables and constants are WFFs (called primitive
WFFs)

b) The negation of a WFF is a WFF

¢) Disjunction, conjunction, conditional and biconditional of a pair of WFFs
is also a WFF

d) All WFFs are obtained by the above three procedures applied for a finite
number of times.

Remark 1 The connective N will be used as prefix before a propositional symbol
or WEF

Remark 2 All other connectives will be used as infix between a pair of WFFs
or symbols

Remark 3 For clarity of understanding, we use certain extra symbols that are
not part of the alphabets of PL(1). These symbols will be called meta-symbols.
Some of them are brackets.



Example 4 p,pV g, pANq, Np,p — q,p < q are WFFs

Example 5 pV,pN, pq,pq —, Ap are not WFFs

1.1.1 Semantics of PL(1)

Just as there is a dictionary for words, phrases and sentences of a natural lan-
guage, giving their meaning, analogously, we talk of semantics of WFFs in
PL(1). The dictionary of PL(1) is concise and compact as every primitive WFF
can have only one of the two meanings — true or false. Given a WFF F'| an
interpretation of F' is the assignment of one of the two values — true or false —
to each propositional symbol, occuring in F. More generally, given a finite set
S of WFFs, an interpretation of S is the assignment of one of the two values —
true or false — to each propositional symbol occurring in each WFF F'in S.

Remark 6 For a single propositional symbol p, there are only 2 interpretations,
T and F.

Remark 7 For a pair of propositional symbols, there are exactly 4 interpreta-
tions. In general, for a WFF with n propositional symbols, there are 2™ possible
interpretations.

Remark 8 The meaning of T (tautology) and C (contradiction) are fized. T is
always true and C is always false.

Definition 9 A wvaluation of a WFF F associated with an interpretation, called
the meaning of F, is the truth value of F

Example 10 Consider the WFF F :=[(pAq) = 1] — [pA (¢ — 7)]
p q r pAg (pAqg)—r (¢g—r) pA(g—r) F
1 1 1 1 1 1 1 1
1 1 0 1 0 0 0 1
1 0 1 0 1 1 1 1
1 0 0 0 1 1 1 1
0 1 1 0 1 1 0 0
0 1 0 0 1 0 0 0
0 0 1 0 1 1 0 0
0 0 0 0 1 1 0 0

Remark 11 A WFF is said to be valid in an interpretation I if it is true in I

Remark 12 A finite set S of WFFs is said to be valid in an interpretation I
if each WFF of S is valid in I

Remark 13 A WFF F is said to be valid if it is valid in every possible inter-
pretation of F

Remark 14 A finite set S of WFFs is said to be valid if every WFF of S is
valid in every possible interpretation of F



Remark 15 Two WFFs, F' and G, are said to be equivalent, written F = G,

if the WFF F — G is valid.

Example 16 p — g= NpVq

p ¢ Np p—gq NpVgq
11 0 1 1
1 0 0 0 0
0 1 1 1 1
0 0 1 1 1

Exercise 17 Show that N (p — q) =p A Ngq

p ¢ p—q N(p—q)

1 1 1 0
Solution 18 1 0 0 1

0 1 1 0

0 0 1 0

(p—q) < (NpVgq)

1
1
1
1
Ng pANqg N(p—q)<pANg
0 0 1
1 1 1
0 0 1
1 0 1

Exercise 19 Show thatp <~ q= (NpVq)V(pV Nq) = (pAq)VI[(Np) A (Nq)]

Solution 20 Let (pAq) V [(Np) A

1.2 Predicate Logic

(Ng)] =G and (NpV q)V (pV Nq) = F

p ¢ p—q Np NpVvgq Nqg pVNq F (pegq)<F
11 1 0 1 0 1 1 1

10 0 0 0 1 1 0 1

01 0 1 1 0 0 0 1

0 0 1 1 1 1 1 1 1

p g Np Ng prg (Np)A(Nq) G pegq (peq <G
11 0 0 1 0 1 1 1
10 0 1 0 0 0 0 1

0 1 1 0 0 0 0 0 1

0o 0 1 1 0 1 1 1 1

Predicate logic PL(2) is a natural extension of propositional logic PL(1). PL(1)
deals with WFFs that do not involve variables whereas PL(2) deals with WEFs

involving variables

1.2.1 Syntax of PL(2)

The syntax of PL(2) consists of the symbol set of alphabets and rules. The

alphabets of PL(2) consist of
a) Constants a,b,c, ...
b) Variables z,y, 2, ...
¢) Truth symbols T and C
d) Predicate symbols P, Q, R, ..
e) Function symbols f, g, h, ...



f) Connectives V,A, N —, <

g) Quantifiers: the inverted E, 3, called the existential quantifier, pronounced
as "there exist", "for some", "at least one" and the inverted A, V, called the
universal quantifier, pronounced as "for all", "for every" and "for each".

Notice that in this case, we have only two truth valuations. That is, Iy =
{0,1}. Now, we start with &/ having values in Is = {0,1/2,1}. This is 3-valued
logic. This leads to a new kind of set theory, namely the 3-valued set-theory
but will be of little interest to us in our fuzzy considerations. For now, here are
some details:

Let F'(U) be the set of all functions from U to Is. We want to define 3
operations: union, intersection and complementation on F (i)

w 0 1/2 1 m 0 1/2 1
0 0 121 .0 0 0 0
12 1/2 172 1 12 0 172 1)2
11 11 1 0 1/2 1

where v = max (a,b), m = min (a,b) and c(a) =1 —a

1.3 Basic Set Theory

This part will assume familiarity with functions, sets and set operations in
general including the Cartesian product, union and intersection and its variants
and (binary) relations. Generalisation of the union and intersections are studied
in the later part of this chapter whereas a rigorour introduction to Order Theory
and Lattice Theory is offered in the next.

Definition 21 Let U be a fized non-empty universal set. The function f :
U — {0, 1} is called a characteristic function or indicator function of U.

Given any characteristic function f, we can associate a unique subset A of
U, namely Ay ={zecld: f(z) =1}

Conversely, given any subset A of U, we can associate a unique characterisitic
function f on U namely

lifze A
fA(x){ 0ifz ¢ A

This acts as the Boolean operator "belongs to is true" and "belongs to is
false".

Theorem 22 If A and B are subsets of U, then

1. faup = max (fa, fB)
2. fanp =min(fa, fB)
8. fac=1—fa



lifreAor B
Proof. faus (v) = { 0 if x & either A or B
Consider the following cases:
1. fa(z) =1and fp(x) =0, then, faup (x)
2. fa(z)=0and fp(z)=1, then, faup (z)
3. fa(z)=0and fg(x) =0, then, faup (z)
4. fa(z)=1and fp(z) =1, then, faup (z)
In all such cases, the definition max (fa, fg) coincides with faup
The proof of part 2 is similar
For part three, consider only the two cases for f4 (z) =1 and 0 m

Exercise 23 Let f and g be characteristic functions on U. Define the binary
operation — by
_JO0iff=1andg=0
fog= { 1 otherwise
a) Write down the table for —
b) Prove that f — g is a characteristic function on U

¢) Prove that f — g = max (N f,g) where Nf = { 10021J5(h£7;iie

d) IfA={zecl|f(z)=1} and B = {z €U |g(z) = 1}, prove that "f —
g=1"4f and only if AC B

fg9 f—yg

1 1 1
Solution 24 a) 1 0 0

0 1 1

0 0 1

b) We have
- {197 it =

1 otherwise

The domain of (f — g) (z) relies on the domain of both f and g, which is U.
The range is {0,1}

¢) This can be done by considering every single case for [ and g.

d) (=) Let f — g=1. We will have three different cases.

Case I

f@)=1landg(z)=1

We can rephase this as "if f(x) = 1, then g (z) = 1" which gives us A C B

Case I1

fx)=0andg(z)=1

If f(x) = 0, then we have the empty set since f(x) = 0 for any x € U.
Since the empty set is trivially the subset of everyset, therefore A C B

Case II1

f(x)=0 and g (z) =0.

If g(x) = 0, then f(x) = 0. That is, if ¢ ¢ B, then © ¢ A. Hence,
BcCA® <— ACB



(<) If A C B, then for v € A, we have x € B. Hence, f(z) =1
implies g (x) = 1. Thus, (f — g) () = 1. Since this is valid for any x, we have
f—=g=1

If S and R are binary relations from A to B and from B to C, respectively.
Show that the function fsor (a,¢) = max{min{fs (a,b), fr (b,c)}b e B}. To
prove that fsor is indeed a characterisitic function, one needs to show that
the range of fsor is {0,1} and that the domain of fsor is U x U. The set
SoR:={(a,c)|3bst (a,b) € Sand (b,c) € R}. This makes sense because if
fs (a,b) = 1, then (a,b) € S and fr (b,c) = 1, then (b,c¢) € R. Hence, we can
collect all such a’s and ¢’s and form the set {(a,c) | a € A and ¢ € C} with a
characteristic function called fsor. In the definition, even if we have one b € B
such that (a,b) € S and (b,¢) € R, then the maximum value of all (a,b) and
(b, ¢) for varying b will be 1. If no such b is found, then the value will be 0. The
minimum function guarantees that both fg (a,b) and fg (b,c) = 1, that is, we
do have (a,b) € S and (b, ¢) € R to begin with. The range is then clearly {0, 1}
and the domain clearly the cartesian product U x U.

Before we move any further, a definition is in order. V is a binary function
such that V (z,y) = 2 Vy = sup{z,y} and A (z,y) = 2 Ay = inf {z,y}. More
details about this under the discussion of lattices.

Proposition 25 Let I = {0,1} and Ch(U) be the set of characteristic func-
tions on universal set U. Then, f,g€ Ch(U) = fVg, fAg,NfeCh(U)

Proof. Define (fV g)(z) = f () Vg (z), (f Ng)(x) = f () Ag(z) and

1 if f(z)=0
Nﬂ@:{o if f(z) =1

HA={z|f(x)=1} and B={z | g(z) =1}, then f Vg, f Ag, Nf construct
the sets AU B, AN B and A€, respectively so that they do, indeed, form
charactersitic functions. m

Note that f (z) V g (z) can be defined in a multitude of ways. For instance,

max (f (z), 9 (x)), f(x) +g(x) - f (x)g (). Similarly, (f A g) () might corre-
spond to min (f (), g (2)), f () g (2)

Definition 26 Let I = {0,1}. Then, u: Io x Iy — Iy, m: Is X [y — I3 and
c: Iy — Iy such that u(a,b) =a+b—ab and m(a,b) = ab and c(a) =1—a
are called the union, meet and complement operators.

Proposition 27 wu(a,a) =a

Proof. Proof by exhaustion
w(l,1)=1+1-1=1
u(0,00)=04+0—-0=0 m

Proposition 28 m (a,a) =a



Proof. Proof by exhaustion
m(L,)=(1)(1)=1
m (0,0)=(0)(0)=0 m

Proposition 29 u (a,b) = u(b,a)

Proof. u(a,b)=a+b—ab=b+a—ba=u(a,b) m

Proposition 30 m (a,b) = m (b,a)

Proof. m (a,b) = ab=ba=m(a,b) m

Proposition 31 v (a,u(b,¢)) = u(u(a,b),c)

Proof. u(a,u(b,c)) =a+u(b,c) —au(b,c) =
=a+(b+c—bc)—a(b+c—bc)
=a—+b+c—bc—ab—ac+abc
=(a+b) —ab+c—c(a+b—ab)
=u(a,b) + c— cu(a,b)
=u(u(a,b),c) m

Proposition 32 m (a,m (b,¢)) = m(m(a,b),c)

Proof. m (a,m (b,c)) = a(bc) = (ab) c =m (m(a,b),c) m

Proposition 33 v (a,m (b,¢)) = m (u(a,b),u(a,c))

Proof. u(a,m(b,c)) = u(a,be)
= a+ bc — abc
= a? 4 bc — abc — ab + ab + ac — ac + abc — abe
= a? 4 ac — a’c + ba + bc — abc — a?b — abc + a’be
=(a+b—adb)(a+c—ac)
=u(a,b)u(a,c)
=m(u(a,b),u(a,c) m

Proposition 34 m (a,u (b, ¢)) = u(m(a,b),m(a,c))

Proof. m (a,u (b,c)) = au (b, c)
=a(b+c—bc)=ab+ ac— abe
= ab+ ac — a*be
= ab + ac — abac
=m(a,b) + m(a,c) —m(a,b)m(a,c)
=u(m(a,b),m(a,c)) m

Proposition 35 u(a,m(a,b)) =a



Proof. u(a,m(a,b)) = a+m(a,b) —am(a,b)
=a+ab—aab
=a+ab—ab=a m

Proposition 36 m (a,u(a,b)) =a

Proof. m (a,u(a,b)) = au(a,b)
=a(a+b—ad)
=a? +ab— a®b
=a+ab—ab=a m

Proposition 37 u(a,1) =1

Proof. a+1—al
=a+1l—a=1m

Proposition 38 u(a,0) =a
Proof. a +0—a0=a m
Proposition 39 m(a,1) =a
Proof. al=a m
Proposition 40 m (a,0) =0
Proof. a0 =0 =
Proposition 41 c(c(a)) =a

Proof. 1 — (1 —a)
=l-14a=am

Proposition 42 ¢(0) =1

Proof. c(0)=1-0=1m

Proposition 43 ¢(1) =0

Proof. ¢(1)=1-1=0 m

Proposition 44 c¢(u(a,b)) =m(c(a),c(d))

Proof. c¢(u(a,b)) =1—u(a,b)
=1l—-a—-b+ab
=(1-a)-b(1—a)
=(1-a)(1=b)=m(c(a),c(b)) m

Proposition 45 c¢(m (a,b)) = u(c(a),c(d))



Proof. ¢(m(a,b)) =1 —ab
=14+1-1—a—-b+a+b—ab
=(1l-a)+(1-b)—14+b+a—ab
=(1-a)+(1-b)—-(1—-a)(1—-0)
=u(c(a),c(b) =

Proposition 46 u (a,c(a)) =1

Proof. a+1—a—(1—-a)(a)
=1l-—a+a?
=l-a+a=1m

Proposition 47 m (a,c(a)) =0

Proof. a(l—a)=a—a’>=a—a=0 m
We can generalise m and u a little further. A corresponding generalisation

of u is as follows:

Definition 48 A binary operation A : {0,1} x {0,1} — {0, 1} is a t-norm if
it satisfies the following:

a) lAhz=z

b))z Ahy=yQLzx

) AN(yAz)=(xAy) Az

d) w<zandy <z impliesw A z<xz Ay
Proposition 49 0 Az =0

Proof. Trivially, 0 Az > 0. Since 0 <z and 0 <1,then 0 Az <0A1=0.
That is, 0 Ax < 0. Combining the two inequalities, the proof is established. m

AN ifeVy=1
Example 50 z Aoy = { 0 ! fotherzijuz‘se
Example 51 2 A1 y=0V (z+y—1)
Example 52 z Ay y = m

Example 53 z A3y =xy

Example 54 z Ay y = z+z!izy

Example 55 z Asy=x Ay
Proposition 56 For any t-norm A\, Ny < A < As

Proof. Case [, x Vy =1
zNoy=xzANy<zx
Similarly x Ngy =z Ay <y
Together, z Ngy = (x Doy) A(x LDoy) <zAy<zAl==zx
Similarly, t Ay <z Ay <y
Together, Ay < A < Ay
CasellzVy=0
In this case, z = y = 0 so that the inequality trivially holds. m



Definition 57 A t-norm A is convex if whenever x Ay < ¢ < x1 Ay, then
there is an r between x and x1 and s between y and y; such that c=r1r As

We will move to a more detailed generalisation of m when we consider fuzzy
sets. For now, this definition is all that will be offered.

1.4 Order Theory

Definition 58 Let A be a non-empty subset and R C A x A be a relation. R
is reflexive if (a,a) € R for all a € A. A relation R is called symmetric if
(z,y) € R implies (y,z) € R. R is called transitive if (x,y) € R and (y,2) € R
implies (x,z) € R. A relation obeying all three is called an equivalence relation.

Exercise 59 Let R be a binary relation on A and A = {(a,a) | a € A}. Show
that /\ is reflexive and that R is reflexive if and only if A C R

Solution 60 Since A is a collection of (a,a) for a € A, the relation A is
trivially reflexive.

(=) (a,a) € A = (a,a) € R since R is reflexive.

(<) If (a,a) € A C R implies (a,a) € R, which implies R is reflexive.

Exercise 61 Let R be a binary relation on A and define Inv (R) = {(y, ) | (z,y) € R}.
Show that R is symmetric if and only if Inv(R) C R

Solution 62 (=) (y,z) € Inv(R) implies (x,y) € R by definition and
(y,z) € R by symmetricity of R.

(<) Let (x,y) € R. Then, Inv(R) C R implies that (y,z) € Inv(R)
which implies and (y,z) € R

Exercise 63 Show that R is transitive if and only if Ro RC R

Solution 64 (=) Let (z,2) € RoR. Then, there exist y such that (z,y) € R
and (y, z) € R, which implies (z,z), (z,y) € R since R is transitive.

(<) If (z,y) € R and (y,%) € R, we have (z,z) € RoR = (x,2) € R
since Ro R C R by hypothests.

Definition 65 A partition of a set X is a set P of cells or blocks that are
subsets of X such that

1. IfCeP thenC#o

2. IfCl,CQ € P and C; 7& Cy thenCi1NCy =9

3. If a € X there exists C' € P such that a € C

Definition 66 If R is an equivalence relation on X, the equivalence class of
a € X is the set [a] = {b€ X | R(a,b)}

Lemma 67 [a] = [b] <= R(a,b)

10



Proof. (=)
Trivial
(=)
R(a,b) and assume [a] # [b]. Then, [a]N[b] =2 = R(a,b) m

Theorem 68 The set of all equivalence classes under relation R form a parti-
tion of X, called X/R

Proof. [a] € X/R, then R(a,a) = a€[a] = [a] # O
[a],[b] € X/R and [a] # [b]. Then, R(a,b). Assume z € [a] N [b]. Then,
R(z,a) and R(x,b) = R(a,b). Contradiction. Thus [a¢]N[b] =< =

Definition 69 A partially ordered set, (or poset) is a system (P, <) where P
s a non-empty set and < is a binary relation on P satisfying, for all z,y,z € P

1.z <z
2. x <y andy < x impliesx =1y
3. x<yandy <z, thenx <z
Example 70 Let X be a non-empty set. Then, (P(X),C) is a poset

Example 71 Let G be a group and SubG the set of all subgroups of G. Then,
(SubG, C) is a poset
Let H, K, L be subgroups. Then, since H C H, therefore C is reflexive
If HC K and K C H, then H= K as sets and hence groups.
Finally, if H C K and K C L, then H C L as a subset and hence a subgroup.

If @ C P and < is restricted to members of @ x @, then (Q, <) is partially
ordered.

Example 72 Any non-empty collection @ of subsets of X ordered by contain-
ment forms a poset.

Definition 73 A partially ordered set is a chain or a totally ordered set if
foreveryx,ye P,z <yory<cz

Definition 74 The system (P, <) is an anti-chain if for any two distinct el-
ements x and y, neither (z,y) €< nor (y,x) €<

In such a case, the only partial order definable is the equality relation.

Definition 75 In a poset, x is covered by y, written x < vy, if there does not
exist z € P such that x < z <y

11



In this case, unlike the usual understanding, x # y and y # z. This covering

relation determines the partial order for a finite set. In fact, the partial order is
the smallest relation containing < .
Proof. Assume P is a finite poset. Suppose P is not determined by its covering
relations. Then there exist z,y € P s.t. for all w,z € [z,y], w does not cover
z. Here, [z,y] := {x,...,y} such that for any z in [z,y] we have z < z < y.
Choose p1 € (x,y). Here, (z,y) := {z,...,y} such that for any z in (x,y)
we have ¢ < z < y with & # z and y # 2. Such an element exists since y
does not cover x. Since [x,p1] C [x,y], [z,p1] is not determined by its cover
relations. Now choose py € (z,p1). Continuing inductively defines an infinite
subset {p1, p2, p3, ...} of P, implying the contradiction P is infinite. Therefore,
P is determined by its covering relations.

To prove that < is the smallest covering relation. let <; and <3 be two
covering relations which determine the partial order. Let x <; y and y < z.
Then, by the determined partial relation, x = y so that (z,y) €=; implies
(z,y) €<q2and conversely, so that <;=<3 =

Definition 76 A mapping f : (P,<p) — (Q, <q) is called order preserving
if v <py implies f (z) <q f ()

Definition 77 Two posest P and @) are isomorphic, written P = Q if a
bijective f and f~1 are order preserving maps between them.

Theorem 78 Let Q be a poset and let ¢ : Q — P (Q) be defined by ¢ (x) =
{y|lye @ andy < z}. Then, Q 2R (Q) ordered by C.

Proof. By definition, ¢ : Q — R (Q) is onto. Let ¢ (z1) = ¢ (z2). Then
{ylyeQand y <z} ={y|yeQand y <z} Thatis, for any a; € ¢ (1)
and as € ¢ (x2), as € ¢ (x1) and a1 € ¢ (x2). In particular, 1 € ¢ (z2) and
xo € ¢ (x71) since z9 < x9 and 1 < x1. Thus, we have zo < z1 and 1 < z5.
Since < is a partial order, by anti-symmetricity, we have zo = 1. Hence, ¢ is
bijective.

Next, let a < b. Then,

¢(a)={y|lycQandy<a}

and
¢(b)={y|y€Qandy<b}

By assumption (a < b), we have a € ¢ (b). For any x € ¢ (a), we have z < a. By
assumption, we also have a < b. Hence, by transitivity, we have z < b, implying
z € ¢ (b). In summary, for any x € ¢ (a), we have x € ¢ (b). Thus, ¢ (a) C ¢ (b),
implying ¢ is order preserving.

Define ¢! (z) = b for & = ¢ (b). This is well-defined since ¢ is bijective. If
é (a) C ¢ (b), then, by definition, a < b. Hence, for = C y, ¢~ ' (z) < ¢~ (y),
which implies ¢! is order preserving, as well. m

Definition 79 Let P be a poset. Then, then I C P is called an ordered ideal
if forx el andy <z, we havey € 1

12



Definition 80 Let P be a poset. Then, then F C P is called an ordered filter
if forx € F and x <y, we havey € I

The dual of  is F

Definition 81 A poset P has a mazximum or greatest element x if v > y
for ally € P.

Definition 82 A poset P has a minimum or least element x if y > x for
ally € P.

The maximum is the dual of the minimum

Definition 83 An element m of a poset P is called minimal if there is no
y € P such that y <m and m # y

Definition 84 An element m of a poset P is called maximal if there is no
y € P such that m <y and m # vy

The maximal is the dual of the minimal
Lemma 85 The following are equivalent for a poset P:

1. Every non-empty subset S C P contains an element minimal in S

2. P satisfies the decreasing chain condition, that is, P contains no infinite
decreasing chain ag > a1 > ag > ...

8. If ag > a1 > as > ... in P, then there exists k € N such that a, = ay, for
all n > k.

Proof. (1 = 2)

Let a,, be a minimal element. Then, if ag > a1 > as > ... > a,, there does
not exist a,4x for k € N

(2 = 3)

If ag > a1 > as > ... > a,, then a9 > a1 > as > ... > a,. Applying the
principle of weakening n-times, we get ag > a1 > as > ... > a,. Hence, if we
have a1 different from a; for 1 < j < n, a, 2 an+1, otherwise a decreasing

chain would exist since we could proceed indefinitely. Hence, a,4+; = a, for
I € N. Rephrased, this is a,, = a, for all n > k where &k € N
3 =1

Suppose that there is no minimal element. Then, for any a;, we can find
a;1+1 < a;, which contradicts the finiteness of ag > a1 > a2 > ... ®

Definition 86 A poset P is said to satisfy the ascending chain condition
(ACC) if every strictly ascending sequence of elements eventually terminates.
FEquivalently, given any sequence ag < a1 < as < ..., then there exists a positive
integer k such that a, = ay for alln > k where k € N
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Definition 87 A propositional function ¢ (x1,22,...) is an operator which
acts on the objects denoted by the object variables x1, X2, ... in a particular uni-
verse to return a truth value of false or true which depends on:

1. The values of x1,xa, ...

2. The nature of ¢

Theorem 88 (Subset of Set with Propositional Function) LetS be a set.
Let ¢ : S — {true, false} be a propositional function on S. Then, {x € S | #(x)} C
S

Proof. sc{zx e S| ¢(x)} = se{zecSApa)} = se{reS} = s¢c
S = {zelS|¢x)} TS m

Theorem 89 (Strong Principle of Induction) Let (P, <) be a poset not sat-
isfyng ACC and let ¢ (x) be a true statement for some x € P. If 1) ¢ (z) holds
for all minimal elements of P and 2) ¢ (x) = ¢ (y) for allz <y and y # z,
then ¢ (m) holds for all m € P

Proof. Let S = {a € P | ¢(a)}. That is, the set of all a € P for which ¢(a)
holds. Then, S C P. That is, the collection of all elements of S which satisfy ¢
is a subset of P. We have that x € S from hypothesis. Let y € P. Now suppose
that # < 23 < a9 < ... <y € 8. That is, ¢(x), p(z1), p(x2),...,¢(y) all hold.
Then that means (P,\P;) C S where P, := {z |z < a}. From (2) it follows
that ¢(y1) holds for y; > y, and so (Py,\P;) € S. Thus we have established:
that

SCP

x € S and

(PAP) C S — (P,\P.) C S

We can continue this step for y, > yn41 for y; # y; where n,7,j5 € N. It
follows that (P\P;) C S. That is, for every element b € P\P,, it follows that
@(b) holds. But P\ P, is precisely the set of all @ € P such that b > z. Hence
the result. m

Exercise 90 Draw the Hasse diagrams for all 4-element ordered posets.

Exercise 91 LetT:S — X for S=D(T) is a subset of X. Define T <T if
D(T) CD(T') and T (x) =T (x) for all x € D(T). Show that the collection of
all partial maps on X is an ordered set.

Solution 92 Since trivially D(T) C D(T) and T (z) = T (z), we thus have
T<LT

Next, if T <T and T' < T, then D(T) C D(T") and D (T') C D(T), which
implies D(I') =D (T) and T (x) =T (x) fore e D(T)=D(I). Thus T <T
and I’ < T impliesT' =T.
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Finally, let T < T and T' < V. Then, D(T) C D(T') and D(T') C D ()
and T (z) = T'(z) for x € D(T) and T'(x) = ¥ () for x € D(F) Now,
D(T) CD(T) and D(T") C D (V) imply D(T) C D(P) andT( ) =T (x) for
x€D(T) and T (z) = ¥ (x) for x € D(T) imply T (z) = ¥ (x) for x € D(T)
which, by definition, is T < ¥

Exercise 93 Give an example of a map f : (P,<p) — (Q, <g) which is order
preserving but not an isomorphism.

Solution 94 Let (P, <p) = {(z,2) ,(4,)} and (Q, <q) = {(aa) , (b.b) . (a,)}.
Define f () = a and f (y) =b. Then, f is order preserving but not an isomor-
phism since the inverse of a <g b is not present in the domain.

Theorem 95 (P, <) and (Q, <) be two posets. Then, the following are equiva-
lent:

1. P=~Q
2. There exists f: (P, <) —» (@, <) such that f (z) < f(y) iff e <y

3. There exists f : (P,<) — (Q,<) and g : (Q,<) — (P, <), both order
preserving such that gf = Ip and fg = Ig

Proof. (1 = 3) Since P = @, we can define f : (P,<p) — (Q,<g) and
7t =g :(Q,<g) — (P,<p) where f and f~! are bijective and order-
preserving and f~!(q) if f(p) = q for any ¢ € Q and p € P. Now, fg(q) =
f (p) = q. Since this is valid for every ¢, fg = Ig. Similarly, g (f (p)) = g(¢) =
p, from which we have gf = Ip.

(3 = 1) Since the left and right inverse of f is g, f is bijective. Thus,
f~! =g and both f and f~! are order-preserving, implying P = Q

(1 = 2) P = implies there exist bijective f : (P,<p) — (@, <g) such
that f (z) < f(y) whenever z < y. In particular, f is onto. Let f (z) < f(y).
Then, since f~! is order-preserving, f~1f (z) < f~1f(y)or z <y

(2 = 1) z,y € f~1(q1) implies f(x) = ¢ = f (y) from which we have
f(x) < f(y) and f(y) < f(z) if and only if x < y and y < z, from which we
have x = y. Thus, f is bijective. To show tha t f~! is order preserving, take

£ (@) < F(y), then, z < yor £ (f () < 1 (£ (y) since x = f~ (£ (2)) m

Theorem 96 The following set-theoretic axioms are equivalent

1. (Aziom of Choice) If X is non-empty set, then there is a map ¢ : P (X) —
X such that ¢ (A) € A for every non-empty set A C X

2. (Zermelo Well-ordering principle). Every non-empty set admits a well-
ordering (a total order satisfying DCC)

3. (Hausdroff Maximality Principle) Every chain in a poset P can be embed-
ded in a mazimal chain
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4. (Zorn’s lemma) If every chain in a poset P has an upper bound in P, then
P contains a mazimal element

5. If every chain in a poset P has a least upper bound in P, then P contains
a mazimal element.

Lemma 97 Given a poset P and a £ b, there exists an extension <* of < such
that (P, <) is a chain and b <* a

Proof. Let a £ b. Define

< or
<!y = Ty
r=Y {xﬁboragy

Then, z <’ z holds. Also, if z <’ y and y <’ z, then x = y. Transitivity also
holds. Thus, <’ is a partial order with b <’ a. Repeated application for this in
the finite case yields a total order <*. For the infinite case, apply Zorn’s lemma
(the union of a chain of partial orders is again a partial order) to obtain a total
order <*, extending < m

Definition 98 Let P be a poset and let S C P. x € P is an upper bound of S
ifx > s forall s € S. zis called the least upper bound or supremum of z is
an upper bound and x < x,, for all upper bounds x.,

Theorem 99 Every partial ordering on a set X is the intersection of total
orders on X.

Proof. Let R be a partial order on X, and let S be the set of all total orders
which extend R. Since every total order is a partial order, the intersection of
the orders in S certainly contains R. We show it is no bigger. So suppose that a
and b are incomparable in R. Since there is a total order extending R in which
a <1 b, and another in which b <5 a. So in the intersection of these total orders,
a and b are still incomparable. =

1.5 Lattice Theory

Definition 100 A semilattice is an algebra S = (S, *) satisfying for allx,y, z €
S

1. zxx==x
2. xxy=yx*xzw
In other words, a semilattice is an idempotent commutative semigroup.

Example 101 For a non-empty set X, (P (X),N) is a semi-lattice as is (P (X),U)
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Theorem 102 In a semi-lattice S, define x < y if and only if txy = x. Then,
(S, <) forms a poset in which every pair of elements has a greatest lower bound,
denoted by x xy. Conversely, given an ordered set (P, <) with the property that
every pair of elements has a greatest lower bound. Define x xy = sup {x,y}.
Then, (P, *) is a semi-lattice

Proof. Since every semi-lattice is idempotent, we have x < z. Let x < y and
y < z. Then, z *y =z and y * x = y. Combined,

r=zxy=xx(y*rz)=(zxy)rr=(y*x)rr=yx(@*x)=yxz=y

Hence, x =y

Finally, let + <y and y < 2. Then, x*y =z and yxz =y and x *x 2z =
(rxy)xz=x*(yxz)=x+y=ux. That is, z*z =x so that z < z

If x <y, then the greatest lower bound of z and y, z * y = . On the other
hand, if y <z, thenyxz=xxy =y

Finally, if a < x and a < y, then, a * x = ¢ and a * y = a from which the
greatest lower bound of z and y, a =axx =z *xa=xz*x(a*xy) =z * (y*xa) =
(zxy)*a

Assume that the glb of x,y, i.e. = *y = a does not exist but then S is not
a semi-lattice since the binary operation is not defined for x,y

Conversely, we show that (P, <) is a semi-lattice.

1. zxx =sup{z,z} =sup{z} ==z

2. xxy=sup{z,y} =sup{y,z} =yx*zx

3. (zxy)*xz = sup{sup{x,y},z} = sup{z,y,2} = sup{z,sup{y,z}} =

x(yxz) m

Such a lattice in which the glb is defined is called a meet semi-lattice with

A as the binary operation.

Definition 103 A homomorphism between two semi-lattices (S, *) and (T, +")
is a function f : S — T such that f(xxy) = f(z) «" f(y) for all z,y € S.
Two lattices are isomorphic if the homomorphism is bijective.

Theorem 104 Two semi-lattices are isomorphic if and only if they are isomor-
phic as ordered sets.

Proof. (=)

Let (S,*) and (T,%') be two semi-lattices and let f be an isomorphism
between the semi-lattices. From a semi-lattice, we can define an ordered set
by defining x * y = z if and only if z < y for all z,y € S and z ' y =
if and only if x <’ y for all z,y € T. Then, z <y = x*xy = x
= flaxy)=f(z) = f@)¥ fly)=F(z) = [f2) <" fy)

To prove that f*1 is also order preserving, let f (x) <’ f(y), then f(x) «’
fy)=[f(z) = f(x=x y) f (z). Since f is bijective, we have zxy =y —
z<y = [T1(f(2) < ((y))

(<) Let (S,<) = ( <’) under f. Define z Ay = glb{z,y} to get a
meet-lattice for z y es. Then x <y = xAy=xzsothat f(z) <" f(y)
implies f(zAy) = f(z)=f(z)N f(y). =
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Theorem 105 The collection of all ordered ideals of a meet semi-lattice S
forms a semi-lattice O (S) under intersection

Proof. Let O (S) be the collection of all ordered ideals and let Iy, I € O (S).
Then, if y; € I, yo € Io and z; < y; and x2 < yo implies x; € I; and
o € Is. Let x € 1N Is. Then, x € I} and x € I5. For y < x, y € I and
y € I = y € I; N 1I5. Thus, the intersection of any two ideals I; N Iy forms
an ideal so that ” N” is a binary operation. Now, for I NI = I, the idempotent
law is trivially satisfied so any set.

Next, 1 NIy =1oN1

The intersection of three sets is also associative. m

Theorem 106 Let S be a meet semi-lattice. Define ¢ : S — O (S) by ¢ (z) =
{y € S|y <z}. Then, S is isomorphic to (¢(S),N)

Proof. As already proved, the set of ordered ideals of a semi-lattice S forms
a semi-lattice O (S). It remains to prove that ¢ is structure preserving and
bijective. Let y < z. Then, a € ¢(y), a <y < ax = a € ¢(x). Hence,
y<z = ¢(y) C ¢(x). In this case, x Ay = z implies ¢ (z Ay) = ¢ (z) =
¢ (x) N (y) since ¢ (y) C ¢ (x). Similarly, Ay = y can be treated. Now, if
x Ay = z for some z € 5, then z < z and z < y so that ¢ (z2) C ¢(y) and
6(2) C6(2) — 6(2) C6(x)N6(y). Hence, 6 (x Ay) = 6 (2) C 6 ()N (y).
Note that ¢ (z) is the set of lower bounds of z and y. Now, let ¢ € ¢ () N ¢ (y).
Then, ¢ < z since c is a lower bound and z is the greatest lower bound. Hence,
¢(@)N(y) € ¢(2). Thus, ¢(x) N ¢(y) = ¢(z) which implies ¢ (z Ay) =
6 () N (y).

To prove that ¢ is bijective, first we prove that ¢ is one-to-one. Let ¢ (z) =
¢ (y). Since z € ¢ (x) (because x < z) and y € ¢ (y). Therefore, x € ¢ (y) and
y € ¢ (x). Thus, z <y and y < x which implies x = y.

Next, let {y € S | y < 2} be an element of the image of ¢. Then, ¢~ (¢ (z)) =
sup ¢ (x). Since this is the dual of the meet operator, therefore sup ¢ (z) must
exist and hence for any element of the image of ¢, we can find an element of the
domain. m

Definition 107 A lattice is an algebra L = (L,V, \) satisfying, for allz,y,z €
L

1. xVr==x

TANT =2
rVy=yVzx
yNr =Ny

(xAYANz=xAN(YA=2)

SN T

(xVy)Vz=zV(yVz)
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7. 2N (zVy) ==
8 zV(xAy) ==z

That is, a lattice is a meet-lattice and join-lattice with a way to connect
both via the absorption law.

We have already seen isomorphism and homomorphism between ordered sets.
Consider the lattices (U, Vy,Ay) and (V,V,, A,). Instead of a poset with one
relation, we have two relations. In this case, we have the following definition:

Definition 108 f : U — V is a homomorphism of these two lattices if

f@nyy) =f@)Af(y) and f(xVy,y) = f(2)Vf (y). [ is an isomorphism
if [ is bijective. An isomorphism of a lattice with itself is an automorphism.

Lemma 109 Let f : U — V be a homomorphism and ~C U x U such that
a~bif f(a)=f(b). Then, ~ is an equivalence relation.

Proof. f(a) = f (a) so ~ is reflexive

f(a) = f(b) implies f (b) = f (a) so that ~ is symmetric.

Finally, f (a) = f(b) and f(b) = f(c) implies f (b) = f (c) so that a ~ b
and b~ cimpliesa~c ®m

Lemma 110 Ifa~b andc~d, thenaVec~bVdandaNc~bAd

Proof. By hypothesis, f (a) = f(b) and f (¢) = f (d)

— F(@)Vf(e)=F(B)VF(d)and fa) A f(e) = f(5) A F(d)

= f(ave)=f(bVvd)and f(anc)=f(bAA)

— aVec~bVdandaAc~bAd m

Thus, this equivalence relation has two additional properties. Such a relation
is called a congruence relation, which gives rise to homomorphisms.

Theorem 111 If ~ is a congruence on the lattice U, then the set of equivalence
classes U/ ~ forms a lattice under the operation [a] V [b] = [a V b] and [a] A
[b] = [a AD]. The mapping g : U — U/ ~ such that g (a) = [a] is a lattice
homomorphism.

Proof. Idempotent

[a] Vo] = [aV a] = [d]
[a] Alo] = [a A d] = [a]

Commutative

[a] V [b] = [aVb] =[bVa]=[bVI[d

la] A[b] = [a A b] = [bAa] = [b] Ald]
Associcative

la] vV ([b] V[c]) = [a] V([bV ) =la] V[(bV )]
=laV (bVc)]

=[(aVbd)V=[aVbd)]V]]

= ([aVvb]) V]

la] A ([B] A fe]) = la] A([bAc]) = [a] A[(bAC)]
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=[an(bAc)
=[(and) Ac] = [(anb)]Alc]
= ([anb]) A d]

Absorption laws

[a] A ([a] v [b])

= [a] A [a V b]

=[a A (aVD)]

Definition 112 An isomorphism of a system with itself is called an automor-
phism.

Theorem 113 Let I = ({0,1},<) be a poset and let Aut(I) be the set of all
automorphisms of 1. Show that Aut(l) is a group with respect to composition of
functions. This group is called the group of automorphisms of 1.

Proof. Let f,g €Aut(I). Then, f(g(aVbd)) = f(g(a)Vg((®) = f(g(a))V

f (g (b)). Similarly, f(g(aAb)) = f(g(a)) A f(g(b)) so that Aut(I) is closed
under composition. Function composition is trivially associative. Also, the

identity map I is an automorphism since I (aVbd) = aV b = I(a) VI (b) and
I(aAb)=1I(a)ANI(D)sothat the identity exists. Since any f €Aut(I) is bijec-
tive, f~! must exist. Now, f(aVb) = f(a)V f(b) implies f~1f(aVb) =
aVvb= f1(f(a)Vf(®). Let f(a) = z and f(b) = y. Then, we have
(f7 () vV (f* () = f(xVy). Similarly for the second binary operation
so that f~! €Aut(l) m

Definition 114 Let ¢ and o be two t-norms. The systems (I,0) and (I,0) are
isomorphic if there is an element h € Aut(I) such that h(x oy) = h(z)oh(y).
In such a case, the t-norms are said to be isomorphic

Isomorphism between t-norms is an equivalence relation and paritions t-
norms into equivalence classes.
Proof. Let (I,0) ~ (I,0) <= h(zoy)=h(x)oh(y)

Then, h(zoy) =h(z)oh(y) = (L,0) ~ (I,0)

Next, (I,¢) ~ (I, o)

> h(zoy)=h(z)oh(y)

= h(xoy) =h(zoy)

— h(@)oh(y)=h(zoy)

> (L,0) ~ (I, 0)

Finally, If (I,01) ~ (I,02) and (I,02) ~ (I, ¢3)

then h(z o1 y) = h(x) oz h(y) and h(z o y) = h(z) o3 h(y)
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Or h(xo1y) =h(xzoyy) and and h(zogy) = h(z) o3 h(y)

Therefore, h (x o1 y) = h (z) o3 h(y)

<~ (]I, <>1) ~ (H,<>3)

Any equivalence relation partitions a set into equivalence classes. ®

The t-norm min is rather special since it is the only idempotent ¢t-norm and
not isomorphic to any other so it is an equivalence class all by itself.

Corollary 115 The set of automorphisms of (I,0) is a subgroup of Aut(l).

Proof. Let h, g €Aut(I, o) such that h (x o y) = g (z)og (y). Then, g~ th(xoy) =
x oy so that

gh™! €Aut(l,0) =m

Thus, with each t-norm o, there is a group associated with it, namely the
automorphism group Aut(I,o) = {f € Aut(I) | f(xoy) = f(x)o f(y)}. This
is the automorphism of the group of the t-norm o. For the t-norm min, it is
clear that Aut(I, min) =Aut(I)

If H is a subgroup of a group G and g € G, then g"'Hg = {g 'hg |h € H}
is a subgroup of G. This subgroup is said to be conjugate to H or a conjugate
of H. The map h — g~ 'hg is an isomorphism from H to its conjugate g ' Hg

Theorem 116 If two t-norms are isomorphic, then their automorphism groups
are conjugate

Proof. Suppose that the systems (I,0) and (I, ¢) are isomorphic. Then, there
is an element f €Aut(l) f : (I,o) — (I,¢) such that f(zoy) = f(z) o
f(y). The map g — f~lgf €Aut(l) from Aut(I,o) to Aut(l,0) so that
f1Aut(I,0) f =Aut(I,0) =m

Theorem 117 The meet and join operators in a lattice induce the same order

Proof. Let < and <’ be two orders induced by A and V, respectively. Define
xVy=y < z<yandazAy=z < x < y.

We have already proved that a semi-lattice forms a poset. Hence the defini-
tion makes sense.

Let (z,y) €<. Then, fromzVy=yand z A (zVy) ==z

zAy=2 = z<'y = (z,y) e<’

Conversely, let (z,y) €<’. Then, from z Ay =z and 2 V (z Ay) = z, we
have

zVy=(xAy)Vy=yV(zAy)=yV(yAz)=y. Thatis,zVy=y =
(z,y) €<

Thus, <=<' =m

For a subset A of a partially ordered set (P, <), let A“ denote the set of
all upper bounds of A.That is, A = {z € P |z > a, Va € A}. Similarly we can
define the set all lower bounds of A by Al {z € P |z < a, Va € A}.

When does A have a least upper bound and greatest lower bound? A’ and
A% are non-empty if the poset is bounded. Thus, for any I € A' and u € A,
a < wuandl < a for every a € A. The least upper bound of A exists when
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the greatest lower bound of A" exists. Similarly, the greatest lower bound of A
exists when the least upper bound of A’ exists.

In such a case, supA =\ A= A\A" and inf A = N A=\ AL

Theorem 118 Let S be a finite meet-lattice with greatest element 1. Then, S
is a lattice with the join defined by xVy = N\ {x,y}"

Proof. By hypothesis, we have zAx = x, Ay = yAz and 2A(y A z) = (z A y)A
2. Note that for any z,y, {z,y}" is non-empty since 1 > =z, y. Also, A {x,y}"
will always exist since we have a semi-lattice. It follows that if A {z,y}" = a,
then a < a; for all a; € {x,y}" so that a = z V y. Hence, the definition makes
sense.

Now, zVz = A\{z,z}" = A{z}" = a (say)

By definition, a > x and for any z € {z}", a < 2z

Thus, z > x = x € {z}" and for any 2z € {z}", v < 2

= z=NA\{z}"=zVz

Next, zVy = A{z,y}" = ANy, 2} =y Vo

For associativity, = V (y V z) = A {z, A {y, 2}“}"

If A{y,2}" =a (say) and A {z,a}" =0

These exist because y V z and consequently a V x exists

Then, a > y,z and b > z,a and for any a; € {y,2} * and b; € {z,a}", b < b;
and a < q;

Now, a >y,zand b > z,a = b> z,y,z imply aAb < {z,y,2}", therefore
ANz, Ay, 2} = ANz, y,2}" and so A is associative

To prove that the absorption laws hold, y A (y V z) = y A (A {z,y}") = Let
A{z,y}" = a. Then, a < a; where a; € {z,y}". In particular, z <z and y <y
implies z,y € {z,y}" so that a = z or y. If a = x, then y A a = x but this is
not possible since we have defined x <y <= xVy =y. Thus, a = y is the
only possibility. Hence, y < z so that yAy =y

For the second part,  V (x Ay) = A{z,zAy}". If x Ay = a, then
A {x,a}" = z since the upper bounds of x, a include x by definition of zAy = a
and x € {z,a}", we must have z V (z Ay) = A {z,z Ay}" =2z. =

This result not only yields an immediate supply of lattice examples but it
provides us with an efficient algorithm for deciding when a finite ordered set is
a lattice. If P has a greatest element and every pair of elements has a meet,
then P is a lattice.

The dual version says that if every join-lattice has a smallest element, then
that join-lattice is a lattice.

Every finite subset of a lattice has a greatest and least upper bound but
these bounds need not exist for infinite subsets. For instance, the set of rational
numbers with the usual ordering is not bounded above and hence does not have
a greatest element and thus no greatest upper bound.

Definition 119 A lattice is said to be complete if for every subset A of the
lattice, \| A and N\ A exists.

Remark 120 Fvery finite lattice is complete
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Proof. In a lattice, the meet and join operations are defined for every two
elements. Since any subset of a finite set is finite, therefore we can define the
meet of any finite subset A of lattice L as follows: if A = {z1, 23, ...,z,}, then
VA =x1VaaV...Vx, with the brackets ignored since V is associative. Similarly,
NA =x1 Axg A ... Axy. Thus, the meet and join of any subset of a lattice
exists, making the lattice complete. m

Proposition 121 FEvery complete lattice has a greatest and least element.

Proof. Since for any complete lattice L, L C L = \/ L and A L exists. To
prove that AL =0 and \/L =1, assume AL # 0 and VL # 1. Let AL=1y
and \/ L = z. Then, y < z; Vi but then y is the least element — y = 0.
Similarly, z; <z Vi = z=1. =

The converse is not generally true. For instance, the open sets of a topo-
logical space, ordered by inclusion, is a lattice. The supremum is given by the
union of open sets and the infimum by the interior of the intersection. This
forms a complete and bounded lattice. On the other hand, if we define infimum
to be set intersection, the open sets form a bounded but not complete lattice
since, in general, arbitrary intersections of open sets are not open. A simpler
example would be as follows: Let P C Q with the usual order among rationals,
—q < p < qforall p € P for some q € Q. This is a lattice, with operations
a/Ab = min{a, b} and aVb = max{a, b}. In fact, this lattice gives rise to a totally
ordered. Every finite subset of P has a least upper bound (the maximum) and
a greatest lower bound (the minimum). However, the set {z |z € P, 2? < 2}
has no least upper bound.

By convention, A @ =1 and \/ @ = 0.

Definition 122 An element q of a lattice L is called join irreducible if ¢ =
VFE for a finite set F implies q € F.

In essence, this states that ¢ cannot be formed by considering the join of
some other elements. If that is the case, then ¢ is among the elements. The set
of join irreducible elements in L is denoted by J (£).

Proposition 123 0 € J (L)
Proof. \/@ =0 implies 0 € & =

Lemma 124 If a lattice L satisfies DCC, then every element of L is a join of
finitely many joint irreducible elements.

Proof. Since the join operation is defined for each element, we can always have
x =1yVz where y < z and z < z. If y and 2z are both join irreducible, then
we are done. Otherwise, we can always write y or z as a V b and repeat the
argument. Since £ has no infinite decreasing chains, this process ends after a
finite number of steps. m

Exercise 125 Draw the Hasse diagrams for all 5 element meet-lattices
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Solution 126

»YO0

Exercise 127 Draw the Hasse diagram for all 6 element lattices

2.JpPg

Exercise 128 Draw the lattice of subspaces of the vector space R?

Solution 129 The only possible subspaces of R? are R?, @ and lines y = kx
passing through the origin where k is any constant. Containment is easy to see
and the intersection of any two subspaces is the trivial subspace and that the
join, the span of two subspaces, is the R? if the trivial subspace is ignored.

Exercise 130 Prove that a lattice which has a least element and satisfies the
ACC is complete

Proof. Let 0 <2y <2y <3< ... <z <Zpy1 <.

Then, z,+; = x, Vi and we have finite elements. The presence of the
least element ensures that the set of lower bounds of any two elements is non-
empty, making the meet of any two elements possible. The presence of a greatest
element x,, ensures that the set of upper-bounds of any two elements is possible.
Since we have a finite lattice, the subset of any finite lattice will have the meet
and joined defined, making the lattice complete m

Exercise 131 Give explicitly the subgroup lattice for the cyclic group Zy.
Solution 132 The subgroups of Z4 are {0},{0,2} and Zy4. In this case, the

simple union and intersection of sets can be used to define the meet and join.
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Exercise 133 Let X,Y be sets and R C X xY be a relation. For A C X and
BCY, let

0(A) = {y€eY |aRy forallac A}
7m(B) = {xe€ X |zRb forallbe B}

Prove that (a) A C 7o (A) and B C onw (B) for all A C X and B CY, (b)
ACc A — o(4) 2 O'(A/> and B C B — w(B) 2 W(Bl) and (c)
o(A)=ocmo (A) and 7 (B) =rmon (B) for all ACX and BCY

Solution 134 (a) Let a € A C X. Then, y € 0(A) C Y, aRy. Using
m(o(A)) ={x € X | xRy for ally € 0 (A)}

and aRy, we have a € 7 (0 (A))

Similarly, let b € B C Y. Then, x € w(B) C X implies xRb. Since
on(B)={y €Y |xRy for all x € w(B)}, therefore b € om (B)

(b) Let z € o (A"). Then, Va' € A, a/Ra

— a/Ra Va' € A’ because A C A’

= z€o(A4)

= 0(A) Do (A/)

Similarly BC B = 7 (B) 2 (B’)

(¢) Let mo (A) = A’ and ow (B) = B’. Then, by (a) and (b), o (A) D
omo (A) and 7 (B) 2 morw (B)

Clearly, x € 0 (A) = z € omwo (A4) by (b)

= 0 (A) Cono (A4)

Similarly, m (B) C wow (B), completing the proof.

Definition 135 A lattice L =(L,V, A) is modular if x < z implies xV(y A z) =
(xVy)Az forall xz,y,z€ L

Theorem 136 A lattice L =(L,V,A) is modular iff x < z implies zV (y A z) >
(xVy) Nz

Proof. (=) From modularity, z < z implies  V (y A z) = (z V y) A z for all
x,y,z € Lsothat wehave zV(yAz) > (zVy)Azand 2V (yAz) < (xVy)Az

(<) z<zand z <z Vy implies z is a lower bound for {z,z V y}. Also,
z > y Az trivially for any lattice. Similarly, y > yAz = zVy > yAz. Thus,
the set of lower bounds for {z,zVy} D {z,yAz}. In effect, 2V (yAz) <
(z Vy) A z, so that this and the hypothesis  V (y A z) > (x Vy) A z implies
xV (yAz)=(xVy)Az for any pair of elements x,y,z € L &

Example 137 Let M be a left R-module and L be the collection of all submod-
ules of M. Then, L is a modular lattice

In this case, A is replaced by the usual intersection. The ordering is the usual
set-theoretic inclusion. The intersection of two submodules is a submodule. The
greatest element here is M itself since it is a submodule of itself. Likewise, the
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intersection of all the submodules in L will give us the least element. V is
replaced by the span of two submodules. More rigorously, for A, B € L =
AVB=A+B={a+b|a€ Abe B}. In fact, this is the smallest submodule
containing A and B because if C' is a submodule containing A and B, it is closed
under addition. Thus for all a € A and b € B, a,b € C, hence a +b € C and
A+B C C. Therefore A+ B "is the smallest" (under inclusion). Let A, B,C € L
such that A C C. We need to show that A+ (BNC) O (A+B)NC. Let
x € (A+ B)NC. Then, z =a+band a+b € C for somea € AC C and b € B.
Then, b=z —a. Since z € C and a € C, then b=2 —a € C. Hence, b e BNC
andxz=a+be A+ (BNC)sothat A+ (BNC) D (A+ B)NC. Even though
this suffices, we will show that A+ (BN C) C (A + B)NC holds, which is trivial
in any lattice if AC C. Let ¢ € A+ (BNC). Then, z = a+b where b € BNC.
Then,z—a€ Bandxz—a€ Candx € A+B. Sinccac ACCandz—ac C,
then z € C. Thus, we havex € Candz € A+ B = z € (A+B)NnC.

Theorem 138 FEvery totally ordered set is a modular lattice.

Proof. We can form a lattice from the relation < by relying on the fact that we
can have a meet-lattice from a < ¢ <= a/Ac = a. Similarly,a < ¢ < aVc=c
to get a join-lattice. Using these two, we can prove the absorption laws as
follows: Since we can have a < ¢, then a A (aVec) =aAc=a. aV(aAc) =
aVa = a We can also have ¢ < g and then a A (aV¢) = aAa = a and
aV (aAc)=aVc=a. Wehave proved that from a totally ordered set, we can
have a lattice. To prove that the lattice is modular, let a < ¢. We will prove
that a V (b A c¢) = (a VvV b) A c by arguing on a case-by-case basis

Case-1

a<c<b

Then, aV (bAc)=aVcec=cand (aVb)Ac=bAc=c

Case-I1

a<b<e

aV(bAc)=aVb=band (aVb)Ac=bAc=Db

Case-III

b<a<ec

aV({bAc)=aVb=aand (aVb)Ac=aAc=a

These are the only three possibilities. Any other possibility will reduce to
either one of the case because of transitivity. m

Exercise 139 Show that a lattice L = (L,V, ) is modular iff the equality x V
(yA(zVit)=(xVy)A(zVt) holds

Solution 140 (=) = < z impliesxV (yAz) = (x Vy) Az for all z,y,z € L
Since we can write z = x V t, then we are done.
(<) assume zV (yA(zVt)) = (xVy)A(xVt). Then, x <z Vit ==z
(say) trivially and zV (yA(x Vi) = (xVy) A (zVit) by hypothesis so that
zV(YyAz)=(xVy Az

Exercise 141 Show that a lattice £ = (L,V,A) is modular iff x <t and z <y
implies tV (y AN (zVit)=((zVy) Az)Vi
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Solution 142 (=) <t = zV (yAt)=(zVy) At
z<y = zV({tAy) =(2VE)Ay
= zV(V(EAyYy)=xzV(yA(zVl)
Focusing on the left side, x V (zV (t Ay))
=zV((zVt)Ay)
=xV(yA(zVi))
(=)

Exercise 143 Show that a lattice L = (L, A\, V) is modular iff anb = aNc,aVe =
a Vb, b <c together imply b= c for any a,b,c € L

Proof. (=) From the modulartiy of £, b < cimplies bV (a Ac) = (bV a)Ac
Now,b=0bV(aAb)=bV(aAnc)=(bVa)Ac=(aVc)Ac=c
(<=)b=bV(anb)=bV(aAc)
c=(aVe)Ae=(bVa)Ac
In effect, bV (aAc) = (bVa)AcfromaAb=aAc,aVec=aVbb<c m

Definition 144 A lattice is distributive if either i) aV (bAc) = (aVb) A
(aVve)orii)an(dVe)=(aAb)V(aAc)

Proposition 145 The above two conditions are equivalent

Proof. i) implies ii)
(aNb)V(aNc)
=((anb)Va)A((aNnb)Vc)
=aA((aNd)Ve)
=aA(cV(and))
=aA ((cVa)A(cVD))
=(aA(cVa))A(cVb)
=aA(cVDb)
=aA(bVe)

ii) implies 1)
(aVb)A(aVc)
=((avb)Ana)V ((aVb)Ac)
=aV((aVb)Ac)

=aV ((anc)V (cAD))
=(aV(aNc))V(cAD)
=aV(cAb) m

Lemma 146 FEvery distributive lattice is modular

Proof. Let © < z. Then, zV (yAz)=(xVy) A(zVz)=(zVy) Az m
The converse is not true. Example, M5 is modular but not distributive

Exercise 147 Show that a lattice is distributive iff aNb=a ANc,aVc=aVb
together imply b = ¢ for any a,b,c € L
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Proof. ( = ) Distributivity implies modularity so that this part can be proved
using the previous exercise.

(<=)(aVvd) AaVe)

=(aVe)A(aVe)

=(aVe)

=aV(cAc)

=aV(cAb) m

Definition 148 Let £ = (L,A,V) be a lattice with a greatest 1 and least 0
element. A complement of an element a of L is an element a’ of L such that
aNa =0andaVa =1

Proposition 149 In a distributive lattice with a least element and greatest el-
ement

(a) an element has at most one complement

(b) if a is a complement of a and b is the complement of b, then a Vb s
the complement of a Ab and a Ab is the complement ofaVb

Proof. (a) Suppose an element a has two complements a1 and as. Then, aVa; =
l1=aVas

Similarly, a A a; = a A ag. By the previous exercise, a; = as

(b) (a' v b') A (a A b)

Ka'vb/) /\a} Ab

= Ka’/\a)v(b’Aa” Ab
:b:/\a/\b

=b AbAa

v (a/\b))

/\/a>/\1)

\
g ~

|
—
<
SH

Similarly, (a, A b/) V(aVDb)

= ((a'Ab')\/a)vb

- ((a’\/a)A(bVa))vb
—(LA( Va) Vb

— (' Va)Vb
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=bVbVa

=1Va

Elially, (al /\b/> A(aVb)
zal/\(b//\(a\/b)
:a'/\((b'/\a)v(b /\b))
:a'/\((b /\a)\/O)
:a//\<b//\a>
:a:/\b//\q

=a /\(/L/\b

=0Ab =0m

Definition 150 A Boolean Lattice is a bounded distributive lattice in which
every element has a complement.

Definition 151 A Boolean ring B is a ring with identity in which 2 = x for
allz € B

Exercise 152 A Boolean ring B is commutative and has a characteristic of 2

Solution 153 2z =z + 2 = (z +2) = 222 + 222 = 22 + 2z
Hence, 2z = 0 Vz € B\ {0}
Therefore, char(B) = 2
cty=(@+y)’ =2+ +aytyr=x+y+ay+ys
Hence, xy + yx = 0. Since 2xy = 0,
or,xy=xy — zy+0=2y = zy+axy+tyr=zy — 2zy+yr =2y
or xy = yr

Exercise 154 If B is a Boolean ring, then B, partially ordered by x <y <=
xy = x is a Boolean Lattice L = (B,.,+) in which where x.y = x Ay and
xVy=z+y—xzyandr =1—=x

Solution 155 Trivially, 2 = x hence A is idempotent. Also, the both the
operations are commutative since a Boolean ring s commutative in both oper-
ations. Multiplication is, by default, associative. To show that join is asso-
ciative, xV (yVz) =zV(y+z—yz) =+ (y+z—yz)+x(y+z—yz) =
rT+y+z—yz+axy+rz— Yz

The other law equals (xVy)Vz = (z+y—zy)Vz=z+y—ay+2z+
(x+y—ay)z

The sides can be shown to be equal by recalling the fact that the characterisitic
of this ring is 2.

For the absorption laws, (xVy)Ay = (x +y —xy)y = zy+y’ —zy=9y> =y

and (x Ay)Vy = (ay)Vy=ay+y—ay’ =ay+y—ay=y
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Exercise 156 Let D be the set of all positive divsors of some n € N, partially
ordered by x <y if and only if x | y. Show that D is distributive lattice. When
is D a Boolean lattice?

Solution 157 We will make do with the usual conversion of order to meet and
join. ie. zAy =1y < y < x and its dual. This does indeed form a
lattice, as already proved. We can define meet and join by x Ay = ged (x,y) and

xVy =lem (x,y). If we write x = p{'py2..pp*, y = pflpSQ...pg"' where the p;
are distinct primes and the «; and B; are non-negative integers, the ged(z,y) =
H pmin(aiyﬁi)

i Jem (z,y) = ] pznax(ai’ﬁ"). Hence if z = p{*p5?...p%", ¢; non-

1<i<k 1<i<k

negative integral, then xV (y A z) = lem (z,ged (y,2)) = ] pznax(ai’mm(ﬁ“ci))
<i<k

and ged (lem (z,y) ,lem (2, 2)) = ]| pini“(max(aiﬂi),ma"(ai’ci)), Now the set of

1<i<k
non-negative integers with the natural order is totally ordered and max(a;, 3;) =
a;VB; and min(ay, B;) = a;AB; in this lattice. Hence, the distributive law in this
lattice leads to the relation max(a;, min(oy, ¢;)) = min(max(«;, 8;), max(ay, ¢;)).
Then we have lem (x, ged (y, 2)) = ged (Iem (2, y) , lem (z, 2))

Exercise 158 A cofinite subset of a set X is a subset S of X whose complement
X — S is finite. Show that the subsets of X that are either finite or co-finite
constitute a Boolean lattice

Solution 159 Of course the collection of subsets forms a lattice as has been
already proven. The distributive and De Morgan’s laws are well-known. The
empty set is finite so that does with the least element. To prove that the largest
element X is a member of this, we only need to observe that X — X 1is finite.

A central idempotent of a ring R with identity is an element e of R such that
e? = e and ex = ze for all z. Show that the central idempotents of R constitute

a Boolean lattice when ordered by e < f <= ef =€

Solution 160 Since we have an idempotent ring with identity, we have com-
mutativy as was proved above
DefineeV f=e+ f—ef andeN f=ef.
Now, for idempotentcy,
eVe=e+te—el=e
eNe=¢e?=e.
For commutativity,
eVf=e+f—ef=f+e—fe=fVe
eNf=ef=fe=fAe
For associativity,
(eVHVg=(e+f—ef)Vg
—e+f—ef+g—gle+f—ef)
=et+f—ef+g—ge—gf+ygef
=e+f—ef+g—ge—gf+gef—2gef
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e+ f+g—gf—gef —ef —eg
e+ (f+g—gf)—e(f+g9+9f)
e+ (f+g—gf)—e(f+g+gf—29f)
e+ (f+9—9gf)—e(f+9—9f)
evV(f+g—1rfg)=eV(gV)
and e N (f Ng)=eN(fg) =e(fg)=(ef)g
—(eAflg=(eAf)Ng
For the absorption laws,
(eVfihne=(e+f—ef)e=e?+ fe—efe
e+ fe—e’f=e+ fe—ef=ce
and also (e AN f)Ve=(ef) +e—(ef)e=ef+e—e?f=cfef+e—cf =¢
For distributive laws,
(enf)vg=(ef)Vg=ef+tg—efg=
=ef+teg—eg+gf—gf—2efg+2efg+g—efg
=eft+teg—efg+gf+9—fg—efg—eg+efg
=ef+eg—efg+gf+9>—fg* —efg—eg® +efg’
=(et+g—eg)(f+9—fg)
=(eVg)n(gVf)
Similarly, (eV f) A g
=(et+f—ef)g
=eg+ fg—efg
eg+ fg—€*fg
eg+ef —efeg
(eg) V (ef)
=(eng)V(eNf)
We use the additive identity 0 and the multiplicative identity 1 as our bounds
To this end, we see thate N1 = (e)(l)=e,eVi=e+1—-(e)(1)=1
Furthermore, e NO=(e)(0) =0 andevV0O=e+0—(e)(0)e
Clearly, both bounds are idempotent and central
Finally, if we define the our complements as e® =1 — e, then eV e°
=e—(1—¢€e)—(e)(1—¢)
=e—1l+e—ec+e?=2e
——1=-1+2(1)=1
Furthermore, e Ne¢ = (e)(1—€) =e—e?> =e—e =0. A final test is the
satisfaction of the De Morgan Laws. (eV f) = (e+ f—ef)‘=1—e— f+ef
l—e+fle—1)=—-1(e—1)+f(e—1)
(= 1)(F-1)=(1—ec)(1—f)=e A fe
Also, (eNf) = (ef) =1—ef
=l—ef+f—f+24+e—ce¢
l—e+1—f—-14+f+e—ef
(l—e)+(1=f—(1-e)1=f)
=e°V f°
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2 Fuzzy Theory

This portion of the lecture notes is majorly copied from Xuzhu Wang, Da Ruan
and Etienne E. Kerre’'s Mathematics of Fuzziness — Basic Issues.

2.1 Fuzzy set theory

In this chapter, we focus on the introduction of fundamentals in fuzzy set theory,
including some set-theoretic operations and their extensions, the decomposition
of a fuzzy set, and mathematical representations of fuzzy sets in terms of a nest
of sets. Towards the end of the chapter, fuzzy sets taking values in [0, 1] are
extended to those on a lattice and a similar investigation is carried out.

According to Cantor, a set consists of some elements which are definite. In
other words, for a given element, whether it belongs to the set or not should
be clear. As a consequence, a set can only be employed to describe a concept
which is crisply defined. For example, a collection of cities with the population
more than 5 millions forms a set since we can judge that a given city is in this
set or not without vagueness. In traditional mathematics, all the involved con-
cepts ranging all the way from the complex numbers and matrices to geometric
transformations and algebraic structures are in this category. However, in the
real world, mankind often uses concepts which are quite vague. For example,
we say that a man is young or middle-aged, an object is expensive or cheap, a
tomato is red and mature, a number is large or small, a car is slow or fast and
so on. Let us take young as an illustration.

Suppose A is a 20-year-old man. Maybe you think A is certainly young. Now
comes a man B only one day older than A. Of course, B is still young. Then how
about a man only one day older than B? Continuing in this way, you will find
it difficult to determine an exact age beyond which a man will be middle-aged.
As a matter of fact, there is no sharp line between young and middle-aged. The
transition from one concept to the other is gradual. This gradualness results in
the vagueness of the concept young, which in return makes the boundary of the
set of all young men unclear.

In 1965, Zadeh introduced the concept of fuzzy sets just in order to represent
this class of sets. Zadeh assigns a number to every element in the universe, which
indicates the degree (grade) to which the element belongs to a fuzzy set. In this
interpretation, everybody has a degree to which he/she is young (eventually
the degree may be 0 or 1). The people with different ages may have different
degrees. To formulate this concept of fuzzy set mathematically, we present the
following definition.

Definition 161 Let X be the universe. A mapping A : X — [0,1] is called
a fuzzy set on X. The value A(x) of A at © € X stands for the degree of
membership of x in A.

The set of all fuzzy sets on X will be denoted by F(X). A(xz) = 1 means full
membership, A(x) = 0 means non-membership and intermediate values between
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0 and 1 mean partial membership. A(x) is referred to as a membership function
as x varies in X.

Theorem 162 Let X be a non-empty subset. Then, there exists an isomor-
phism between (P (X),N,U,¢) and (Ch(X),V,A,c) where P (X) is the power-
set of X and Ch(X) is the set of two-valued charactersitic functions on X.

Proof. Let xg : X — {0,1} be a characteristic function for a subset S in
Ch (X) . Thus, for each element of P (X), we have an element of Ch (X). Now,
let f:P(X)— Ch(X) be a mapping such that f(A) = x4.

We will first prove that f is bijective. Clearly, f is onto since for each
characteristic function, we can construct a corresponding set. Let A and B be
two sets such that f (A) = f (B). Take x € A. Then, x4 (z) =1= x5 (z) =
x € B. Similarly, B C A.

To prove that the structures are preserved, f (AU B) = x4u5 = X4 V X5 =
F(4)V f(B)

Next, f(ANB) =xXaup =XaAxp=[f(A)A[f(B)

Finally, f(A°) =xqe =1-x4 =1~ f(A) =f(A)" =m

It follows from the isomorphism between (P (X),N,U,%) and (Ch (X),V, A,©)
that every subset of X may be regarded as a mapping from X to {0,1}. In this
sense an ordinary set is also a fuzzy set, whose membership function is just its
characteristic function. Accordingly we shall identify the membership degree
A(z) with the value x4 (2) of the characteristic function x4 at  when A is an
ordinary set. For the two extreme cases @ (the empty set) and X (the entire
set), the membership functions are defined by Vo € X, @ (z) =0 and X (z) = 1,
respectively. In contrast with fuzzy sets, ordinary sets are sometimes termed by
crisp sets in this book.

Example 163 Let O denote old and Y denote young. We limit the scope of
age to X = [0,100]. Then both O and Y are fuzzy sets that are respectively
defined by Zadeh as follows:

O(z) = { [1 + (007550)72] B if 50 < x < 100

0 otherwise

and

-1
v =4 [+ (2] s <a<io
1 otherwise

For instance, O(60) = 0.8 and Y (30) = 0.5.
Example 164 As known to us, all the involved quantities are precise in tradi-

tional mathematics. With fuzzy sets, we can model the so-called fuzzy data. For
instance, the fuzzy datum A = “around 17 may be represented by: Vx € R,
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T 0<z<1
Alz)=¢ 2—2z 0<z<2
0 otherwise

In the case of infinite universe, a fuzzy set may be represented by its mem-
bership function as in the above example. If the universe is finite, say, X =
{1,229, ..., Tpn }, the fuzzy set A on X isrepresented by A = A(x1)/x1+A(z2)/22+
ot Azn) /0.

For example, the fuzzy set S = several on X = {1,2,...,10} may be written
as:

S=0/1+06/2+1/3+1/4+1/5+0.9/6+0.8/7+0.7/840.6/9 + 0/10.

For the sake of conciseness, the terms with degree 0, e.g. the terms 0/1,
0/10 in S, are dropped. As a result,

S=06/2+1/3+1/44+1/54+0.9/6 +0.8/7+0.7/8 + 0.6/9. Importantly,
the choice of a membership function is context-dependent. It is clearly different
that the temperature of a steel-smelting furnace is high and the temperature
of a human body is high. Even in a same context, the choice is dependent on
the observer. It is certainly different from Zadeh’s if you form the membership
function of the fuzzy concept young.

Next we introduce some set-theoretic operations of fuzzy sets formulated by
Zadeh. Let A and B be two fuzzy sets on X. The union AU B of A and B is
defined by Vz € X, (AU B) (z) = max (A (z), B (z)) (or simply A(z) V B(x));

The intersection AN B of A and B is defined by Vo € X, (AN B) (z) =
min (A (z), B (x)) (or simply A(z) A B(z));

The complement A¢ of A is defined by Vo € X, A°(z) =1 — A(x).

Remark 165 As in crisp case, the union (intersection) of fuzzy sets A and B
represents “A or (resp. and) B”, and the complement of A means “not A”.

Example 166 Let X ={1,2,... ,10}. A =small=1/1+0.8/2+0.6/3+0.4/4+
0.2/5, B =large=0.2/440.4/5+0.6/6 +0.8/7+1/8 +1/9 + 1/10.

Then, not small
=A°=02/24+04/3+06/4+0.8/5+1/6+1/7+1/8+1/9+ 1/10,
not large

=B°=1/1+1/2+1/3408/4+0.6/5+0.4/6 +0.2/7,

not small and not large
=A°NB°=0.2/2404/3+0.6/4+0.6/5+0.4/6 +0.2/7.

Exercise 167 Assume two fuzzy sets A1 and Ay on X = {x1, 29, 23,24} are
defined by Ay = 0.1/x1+0.9/294+0.6/x3, Ay = 0.9/2140.7/22+0.6/x3+0.8/24.
Find A‘lj, A1 U AQ and A1 n A2.

Solution 168 A =0.1/x; + 0.3/x2 + 0.4/x3 + 0.8/x4

A1 UAy=0.9/21 +0.9/20 +0.6/x3 + 0.8/24
Al N AQ = 01/(171 + 07/:E2 + 06/.’23
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Definition 169 If Vx € X, A(x) < B(z), then we call that A is a subset of
B or A is contained in B, denoted by A C B. IfVx € X, A(x) = B(x), then
A and B are called equal, denoted by A = B. Obviously, A= B iff AC B and
BCA IfA# @, AC B and 3z € X such that A(x) < B(x), then we say that
A is properly contained in B, denoted by A C B.

It follows immediately from the definitions that

Theorem 170 VA, B,C,D € F(X),
(1) ANBC Aand AC AU B;
(2) ACB < AUB=B <= ANB=A4;
(8) ACBandCCD = AUCCBUD and ANC C BND;
(4) AC B = B¢ C A°.

Proof. (1) (AN B)(xz) = min (A (z), B (z)) < A(x). Since this is valid for all
x, therefore ANB C A
Similarly, A (z) < max(A(x),B(z)) = ACAUB
(2) ACB < Ve X,A(z) < B(z) < Vz e X, max{B(z), A(z)
B

B(z) <= AUB=B

and ACB <= Vo e X,A(z) <
A(x) <= ANB=DB

3)ACBand CCD = Vz
D () from which we have max (A (), )
min (B (z), D (x))

4 ACB = Ve X,A(x) < B(x) = Vze X,1-DB(() <
1-A(x) = B°CA° nm

In addition, we have the following important conclusion concerning the fuzzy
set-theoretic operations.

() <= Vz € X, min{B(z), A(x)

}
}
B(z) and Vz € X,C (z) <

€ X,A(z) <
C(z)) <max (B (z),D(z)) and min (A (z),C (z)) <

Theorem 171 (F(X),U,N,) is a soft algebra, i.e. F(X) satisfies: YA, B,C €
F(X),

(1) idempotency: AUA=A, ANA=A4;

(2) commutativity: AUB =BUA, ANB=DBNA;

(8) associativity: (AUB)UC =AU (BUC), (ANnB)NC=AN(BNC);

(4) absorption laws: AU(ANB)=A, AN(AUB) = A4;

(5) distributivity: AU(BNC)=(AUB)N(AUC), An(BUC) = (AN
B)U(ANC);

(6) the existence of the greatest and least element: @ C A C X.

(7) involution: (A°)¢ = A;

(8) De Morgan laws: (AU B)¢ = A°N B¢, (ANB)°= A°U B°.

Proof. In each proof, the arguments are valid Vx € X, so that the function
notation can be justified in terms of functions.

(1) (AU 4) (2)
= max {A(z), A ()}
= max {A (z)} = A(z)
(2) (AU B) ()
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=max{A (z),B(z)}
=max{B(z),A(z)} = (BUA) ()
and (AN B) (z)
=min{A (z), B (z)}
— wmin {B (x), A (x)}
— (BN A)(2)
(3) (AUB)UC) (z)
max {max {A (z), B (z)},C (z)}

=max{A(z),B(z),C (x)}

— max {A (), max {B (2),C (2)}}

— (AU(BUC)) (2)

(4) (AU(ANB)) (z)

= max {min {4 (z), B (z) (2)}

Assume min {A (z), B (z) B (z). Then, max{A (z),B(z)} = A(x). On
the other hand, if min {A (z), B (x)} = A (z), then max {A (z),A(z)} = A (z).
Clearly, these are the only two possibilities.

1A
} =

~

(AN(AUB))(z) = min {max {A (z),B (z)},A(x)}

Assume max {A (z), B (z)} = A(z). Then, the result is true again by idempo-
tency. If max {A (z), B (z)} = B(x), then min {B (z),A(z)} = A(z)

(5) Since left distributive law implies the right distributive law, we will only
prove one namely AU(BNC)=(AUB)N(AUC)

(Au(BNC(C))(z) = max{A(z), min{B (z),C (z)}}. Now, since we have
real numbers A (z), B (z) and C (z), therefore

. C(z) if B(z)>C(z
mln{B(x),C(x)}_{ Bgmg ifC’Ex;>BE$;

and similarly for maximum we have

A(z) ifA(x)>Y (x
maX{A(m)7Y(x)}:{ YEQ?) ifYEx% ( §

where Y (z) = min {B (z),C (z)}. Combining,

. _ Al(x) if A(z) > min{B(z),C (x)}
max {4 () ,min {5 (), C (z)}} —{ min{B(z),C ()} if min{B (z),C ()} > A(z)

It is easy to see that maximum will thus distribute over minimum by arguing
on a case-by-case basis (I'm too lazy to; don’t want to get my hands dirty) and
using the Law of Trichotomy to show that max {A (z), min{B (z),C (z)}} =
min {max {4 (z), B (z)} ,max {4 (z),C (z)}}

Therefore,
max {A (), min{B (z),C (z)}} = min {max {A (z), B ()}, max {A (z),C (x)}}

— (AUB) (2) N (AUC) (z)
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(6) By definition, Vz € X, @ (z) =0 and X (x) = 1.

Since for any A, A (z) € [0, 1], therefore @ (z) < A (z) < X (z)
— gCACX

(7) (A)° ()

=1-(1-A(z)) = A(z)

= (A=A

(8) (AUB)(2) = 1 — (AU B)(x)

=1-max{A(z),B(z)}

If A(xz) < B(z), then 1 — B(z) <1— A(z) and

min{l —B(z),l-A(x)}=1-B(z)=1—-max{A(z),B(z)}
=min{l — B(z),1— A(x)}

If B(z) < A(z), then 1 — A(z) <1— B(z) and
min{l — B(z),1—A(z)} =1—A(z) =1—max{A(x),B ()}
=min{l - B(z),1 - A(x)}

Therefore, in either case we have

1—max{A(z),B(x)} =min{l — A(x),1 - B(z)}

= min{A° (z), B¢ (z)}

— (4°1 B°) ()

= (AU B)¢ = (4A°N B°)

For the second, (AN B)° ()

=1-(ANDB)(z)

=1-min{A(z),B(x)}

If A(z) <B(z),then1—B(x) <1— A(x) and

max{l — B(z),1—A(z)} =1-—A(z) =1—min{A(x),B ()}

If B(z) < A(z), then 1 — A(z) <1— B(z) and

max{l—B(z),l—A(x)}=1—-B(z)=1—min{A(z),B(z)}

Therefore, 1 —min{A (z), B (z)} =max{l — B(z),1 — A(z)}

= (AU B°) (z)

— (ANB)*=(A°UB°) m

From the above proof, we see that properties of (F(X),U,N,¢) are largely
dependent on properties of ([0, 1], max, min,®) = ([0, 1], V,A,°) since the set-
theoretic operations are defined pointwise. In this sense, [0,1] is regarded
as the underlying structure set of F(X). As a result, it is not strange that
(F(X),U,n, ) has the same algebraic structure as ([0, 1],V,A,®). The partial
order relation < in the soft algebra (F(X),U,N,°) is C.
Proof. In the proof, again, the argument is valid for any x € X. Clearly, for
any A € F(X), A(z) < A(z) so that A C A, making C reflexive. Next, if
A C Band B C A, then A(z) < B(z) and B(z) < A(z) so that A(z) =
B (z). Finally, if A C B and B C C, then A(z) < B(z) and B(z) < C(x)
= A(zx) <C(z) = A C C, making C a bonafide partial order. m

Like ([0, 1],V,A,%), (F(X),U,N,%) is not a Boolean algebra since it is not
complemented, i.e. AN A = @ and AU A° = X do not hold generally. To
illustrate this point, consider the fuzzy set A defined by Vo € X, A(z) =
0.5. Then Vz € X, (AN A% (z) = (AUA°) (z) = 0.5 while & (z) = 0 and
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X(z) = 1. Consequently, AN A¢ # @ and AU A° # X, which indicates
that neither the law of contradiction nor the law of excluded middle hold. It
is quite natural considering that these two laws are the logical foundation of
traditional mathematics. In this sense, the emergence of fuzzy sets gives birth to
a completely new logic — fuzzy logic, and hence to a completely new mathematics
— mathematics of fuzziness.

Exercise 172 If A, B,C € F(X), show that (1) {AN[(BNC)U (A°NC°)]}U
Cc = (ANBNC)UC® and (2) (ANB)U(BNC)U(ANC) = (AUB)N
(BUC)N(AUC)

Solution 173 {AN[(BNC)U(A°NC%)]}UC"
=ANBNC)UAN(A°NnCe))uCe

=(ANBNC)U(ANA°NnCe)ucCe

=(ANBNC)U[(AUC) N (C°U (A N C9))]

=(ANBNC)U[(AUC)NC]

=(AnBnNnC)uCe

(2) (ANB)U(BNC)U(ANC)

Exercise 174 The difference A — B and symmetric difference A A B of two
fuzzy sets A and B are respectively defined by A— B =ANB and A AN B =
(A—B)U(B—A). (i) Use A(z) and B(x) to express (A — B)(z) and (A A
B)(z). (i1) Assume A and B are two fuzzy sets on X = {a,b,c,d,e, f, g} defined
by A=0.5/b+04/c+1/d+0.7/f, B=0.3/a+0.9/b+0.4/c+1/d+0.6/e+1/g.
Find A— B and A A B. (i) Show that (AA B) AC=AA (B AC).

Solution 175 (i) (A — B)(z) = (ANB°)(x) = min{A(z),1 — B(x)} and
(4 & B)(x) = max {(A - B) (z) (B — A) (a)}

=max{min{A(z),1 — B(z)},min{B (z),1 — A(x)}}

(ii)) A—B =0.1/b+0.4/c+0.7/f and A A B can be found using the formula
above

={[(A= B)U(B - A)] - C}U{C - [(A— B)U(B - A)]}
[(ANB)U(BNA)NCHU{CN[(ANB°)U (BN A%}
[((ANB)UB)N((ANB)UAS)|NCIU{C°U[(A°UB)N (B°UA)|}
(BUAN(B°UB)N(AUA)N(B°UA)NCHU{C°U[((A°UB)NB°)U((A°UB)N A)]}
={(BUA)N(B°UB)NAN(B°UA°)NC}UC“U(A°NB)U(BN B)U
(AN A)U(BNA)

some magic

={ANB°UC)N(CUB)}U{[(BNC°)U(CN BN A}

={AN[(BNC)U(CNB)yu{[(BNC)U(CN BN A}

={A-[(B-CQ)U(C-B)}U{l(B-C)u(C-DB)] - A}

=(AA(BAQ))
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The union and intersection operations can be extended as follows: For

A; € F(X) where i € I, an arbitrary index set, UAi (x) = (UAZ) (z) =
iel iel

sup{4; (z) |iel} = (\/Al> (x) = \/A,- (x) and similarly ﬂAi (x) = <ﬂAl> (x) =
iel iel iel iel

inf {A; (z) | i eI} = (/\AZ) (z) = \Ai (@)
iel iel

Definition 176 The set {x | A(x) =1} is said to be the kernel of A, denoted
by ker (A);

Definition 177 The set {z | A(x) > 0} is called the support of A, denoted by
supp (A);

Definition 178 The number \/ A(x) is called the height of A, denoted by
reX
hgt(A)

Definition 179 The number /\ A (z) is referred to as the plinth of A, denoted
zeX

by plt(A).
Definition 180 If ker(A) = &, then A is called a normal fuzzy set.

For the characteristic function xg pertaining to a subset S of X, we know
that Vz, x g4np () = min(x 4 (x), x g(x)) which justifies Zadeh’s use of the mini-
mum operator in formulating the intersection of two fuzzy sets. It is also seen
that x anp (#) = max(x 4(z)+xpz(z)—1,0). Hence it is also reasonable to define
the intersection of fuzzy sets A, B € F(X) by (AN B) (z) = A(z) B(z) or by
(AN B) (z) = max{A (z) + B (z) — 1,0} if we consider the intersection of fuzzy
sets as an extension of the intersection of crisp sets. The similar argument exists
for the definition of the complement and union. In other words, to extend op-
erations of crisp sets to the fuzzy case, there may be multiple alternative ways.
The definition in the previous section is just one of them. More generally, the
operation of intersection, union and complement can be formulated by means
of the so-called t-norms, t-conorms and fuzzy negations, respectively, together
with fuzzy implications and fuzzy equivalencies.

Definition 181 If n : [0,1] — [0,1] is decreasing and satisfies the boundary
conditions 1 (0) =1 and n (1) = 1, then n is called a (fuzzy) negation.

If we define n by Vz € [0,1], n(z) = 1 — z,then 7 is a negation, which is
called the standard negation.

Example 182 The mapping n; : [0,1] — [0, 1] defined by Yz € [0, 1],



18 a negation, which is called the intuitionistic negation; and

0 z=1
(D=1 p<1

18 also a negation, which is called the dual intuitionistic negation.
Proposition 183 7, (z) <7 (z) <y, ()

Proof. If x = 0 and « = 1, the condition is trivially satisfied. Assume x # 0
and x # 1. Since 0 < n(z) < 1, therefore n; () < n(z) < 14 () because
g, (x) =1forz#1and n, () =0forz #0 m

Definition 184 A strictly decreasing continuous negation is called a strict
negation. A strict negation n is called a strong negation if it satisfies the
involution: Yz € [0,1], n(n(z)) = z.

It follows that the intuitionistic and dual intuitionistic negation is not strict
since for x <y < 1, ny, (y) <y, () and for 0 <z <y, n; (y) < n; () because
then 7; (y) = 7; () = 1 and 74, (y) = 14, () =0

Example 185 The function n : [0,1] — [0,1] such that n(z) =1 — 2% is a
strict, non-strong negation

Proof. n(0) =1-0*=1andn(l) =1—-12=0. Next,if 0 <z <y <1,
then y? < 22 and 1 — y? < 1 — 2% which implies 7 (y) < 1 (z) but n(n(z)) =
l-n@)=1-(1-2?) =2 m

Definition 186 Let ¢ : [a,b] — [a,b] be a strictly increasing and continuous
function. If ¢ satisfies ¢ (a) = a and ¢ (b) = b, then ¢ is called an automor-
phism on [a,b].

Example 187 ¢, () = x is an automorphism on [a,b].
Example 188 ¢, (z) = 22 is an automorphism on [0,1].

Example 189 ¢, (z) = 22 +x—1/4 is an automorphism on [—1/2,1/2] because
@5 (x) is a quadratic polynomial, making it continuous and ¢4 (—1/2) = 1/4 —
1/2 —1/4 = —1/2 whereas on the other hand ¢5(1/2) =1/4+1/2-1/4=1/2

Lemma 190 Let 7, and ny be two strict negations. Then there exist two auto-
morphisms ¢ and ¢ on [0, 1] such that ny =1 on, 0@

Proof. This proof will construct two such automorphisms. Since n; and 7, are
two continuous self-maps, there must exist fixed points. Let s1,s2 € [0,1] be
such two fixed points. That is, 1, (s1) = s1 and 7, (s2) = s2.Since 7, (0) = 1 and
145 (0) = 1, we have s; # 0 and sy # 0. Let ¢t = s3/s1. Define ¢ : [0,1] — [0, 1]
and ¢ : [0,1] — [0, 1] as follows:

T < 8o

¢ @)= { nt (aQt(x)) T > Sy




and
tx r < 8

x) = _
v@={ i) 53m

We show that this definition of ¢ and 1 is an automorphism on [0,1]. If
x =0, then x < s3,s1 and ¢ (0) =0 and ¢ (0) = 0. If x = 1, then = > s2,$1
and ¢ (1) = 77" (2) = n; (0) = Land v (1) = n, [t " (1)] = 7 (0) = 1.
To show that the functions are continuous, it suffices to show continuity at s;

and ss. lim ¢ (x) = s2/t = s1 whereas lim ¢(z) = lim nyt ("27(75)) =
xt—s9 T~ —So

T —So
lim 7, (z)
771_1( lim ”2§$)> = ' | =—2—) = n;"(s1) = s1. For the second
T~ —S8o
function, lim Y(z) = tsg = sp and lim ¢ (z) = lim n, [tny' (z)] =
Tzt —sq T~ —sS1 T~ —s1

3 [ lim, tml(w)} = [tml ( lim w)} =y [ty (s1)] =z (ts1) =1z (s2) =

T —S1 T —S81
S9.

Now, when = < sq, then 2/t < so/t = s1. That is, for x/t < s1, 9, (s1) =
s1 < 1y (z/t) from which we can say that ¥ (ny (¢ (x))) = ¥ (ny (z/t)) =
ny [tny ™ (2)] = m, [tn7 " (ny (2/1)] =y (at/t) = 11, (2)

On the other hand, when z > s2, 1y (2) < ny(s2) = s2 = s1t and thus
"%(I) < 81 from which we can say that ¢ (ny (¢ (z))) = ¢ (771 (nfl ("QT@)))) =

P (UQT(ZEU = "%mt = 14 (z). Thus, in both cases, the identity holds. m

Lemma 191 Let n; be a strict negation and two automorphisms ¢ and ¢ exist
on [0,1] such that n, =1 ony o ¢. Then, n, is a strict negation.

Proof. 7, (0) =4 (n, (¢(0))) =% (n, (0)) =4 (1) =1
12 (1) =¥ (11 (¢ (1)) = ¥ (11 (1)) =4 (0) =0
1), is continuous since the composition of continuous functions is continuous.
Finally, for z <y, ¢ () < ¢ (y). Since 1, is strict, therefore for ¢ (z) < ¢ (y),

1(¢(y)) <n(¢(x)) and finally 1, (y) = ¢ (m (¢ (y))) < ¢ (11 (¢ (2))) = 12 (x)

| is strict iff there exists two

Theorem 192 The negation n : [0,1] — [0,1
0,1] — [0,1] such that n(z) =

automorphisms v : [0,1] — [0,1] and ¢ : [0,
¥ (1-¢(2))

Proof. The negation n, (z) = 1 — x is strict and therefore we can have 9 (x)

and ¢ (z) such that n = 1 (1, (¢ (2))) = ¥ (1 = ¢ (x))
Conversely, assume that 7 (z) = ¢ (1 — ¢ (x)). Then, for z < y, we have

Pp(x) < ¢ly) = 1-0@) <1-9¢() = n) =¢v1-9() <
¥ (1= ¢ (x)) = n(z) implying that 7 is strictly decreasing. =

Lemma 193 Let Ny and Ny be two strong megations. Then there exists an
automorphism ¢ on [0,1] such that Ny = ¢~ o Ny o 6.
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Proof. The automorphism ¢ (z) = z does a perfect job for this but this identity
map is trivial and uninteresting. Notice that in the above proof, ¢ (x) and ¢ (x)
are inverses of each other. m

Theorem 194 The mapping N : [0,1] — [0, 1] is a strong negation iff there
exists automorphism 1 : [0,1] — [0,1] such that N (z) = ¢~ (1 — ¢ (z))

Proof. This is a direct consequence of using N = Ny and N = 1 — z
in the above lemma. Conversely, we start to show that N is a negation if
N(2) =t (1 (@) NO) = (1—1(0) = (1-0) =4~ (1) = 1.
Similarly, N (1) = ¢ " (1 -4 (1)) =4 ' (1—-1) =4~ (0) = 0. To show that
N is strict, let < y. Then, 9 () < ¢ (y)

— 1-9(y) <1-7(z)

— b (124 (y) = N(y) < (1= (@) = N ().

Finally, to show that N is strong, we show that N is a self-involution. Take
Ny =1-—2. Then, N~ = [¢—1N1¢]‘1 = (Ny) ! (¢—1)‘1 = INTy =
Y 'NiYp=Nsince Ny'(z)=N(z)=1-z m

It follows that every strong negation N can be expressed as N (z) = ¢~ (1 — ¢ (z)),
where 9 is an automorphism on [0.1], which is called a generator of N. The
strong negation /N with the generator ¢ will be denoted by N,,. Generally speak-
ing, generator of a strong negation is not unique. For example, both ¢ (x) = x

and
x/2 x <05

w(m):{ 1-/55 2205

are generators of the standard negation N (z) =1 — x

Definition 195 A mapping T : [0,1] x [0,1] — [0,1] is called a triangular
norm (t-norm) or a conjunction, if it satisfies:

(1) symmetryT (z,y) = T(y, ) whenever z,y € [0,1];

(2) monotonicity:T(x1,y1) < T(x2,y2) whenever x1 < xo and y1 < yo;

(8) associativityT(T(z,y),z) = T(x,T(y, z)) whenever x,y, z € [0,1];

(4) boundary conditionT'(1,x) = x whenever z € [0, 1].

Example 196 Ty, (z,y) =z Ay
Example 197 T, (z,y) = max {0,z + y — 1} (Lukasiewicz t-norm)
z ify=1
Example 198 Ty (z,y) =< vy ifz=1
0 otherwise
Example 199 T} (z,y) = zy
Definition 200 Let ¢ be an automorphism on [0,1] and T a t-norm. Define

T¢ (x,y) = ¢ 'T(p(z),¢(y) Yr,y € [0,1]. Then, T? is a t-norm, called
p—transform of T
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Proposition 201 T% (z,y) is a t-norm

Proof. (1) T% (z,y) = ¢ ' T (¢ (z),0(y) = ¢ T (¢ (y), ¢ () = T% (y,2)
(2) 1 < 29 and y; < yo, then ¢ (z1) < ¢ (22) and ¢ (y1) < ¢ (y2) so that
T (e (@1),¢ (1)) <T (p(z2), 0 (y2))
= ¢ T (p(21),0 (W) <o 'T (¢ (22), 9 (y2))
= T%(v1,y1) < T% (22,92)
(3) T# (1% (z,y),2)

(
=T%(x,1% (y,2))
(4) T% (1,z)
= (T (p(1),¢(x)))
sfl( (1, ¢ (2)))
=¢ o) =z =

Proposition 202 Ty <Tp, < T, < Tmin

Proof. If x = y = 1, then the inequality holds. If y = 1 for any « and = = 1 for
any y, then the inequality holds. Assume that z,y # 1. Then, Tj (z,y) = 0 <
max {0,z +y — 1} < zy < min{z,y} = Tin (z,y) =

Proposition 203 Ty < T < Tyin holds for any t-norm T.

Proof. Vz,y € [0,1], z < z and y < 1 so that T'(z,y) < T'(z,1) = x. Similarly,
x <1,y <yso that T(z,y) <T (1,y) =y. Hence, T(z,y) < z Ay = Tmin(z,y).
Ifz =1ory=1,then T(z,y) = To(x,y) by boundary condition and symmetry.
If 2,y # 1, then Ty(z,y) =0 < T(z,y). Inany case Tp < T m

So the set of all t-norms is bounded with the greatest t-norm Ty,;, and the
least t-norm Tj.

Proposition 204 T (z,0) =0 V&

Proof. T (z,y) > 0 holds trivially. For converse, note that since for any T', we
have Ty < T < Thin and Thyin (2,0) = 0, therefore T (x,0) <0 m

Proposition 205 If a t-norm satisfies idempotency: T(x,z) = x Vx € [0,1],
then T' = Thin.-

Proof. For any T, we must have T < Ty,i,. To prove the converse, Ty (x,y) =
e ANy=T(xAy,cANy) <T(z,y)sincex >z Ayandy>zAy. M

Definition 206 A mapping S from [0, 1] x [0,1] to [0,1] is called a triangular
conorm (t-conorm) or a disjunction, if it salisfies:

(1) symmetry: S(z,y) = S(y,x) whenever z,y € [0, 1];

(2) monotonicity: S(x1,y1) < S(x2,y2) whenever x1 < x5 and y1 < ya;

(3) associativity: S(S(x,y),z) = S(x,S(y,z)) whenever x,y, z € [0,1];

(4) boundary condition: S(0,x) = x whenever z € [0, 1].
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Remark 207 Let T be a t-norm and S be a t-conorm. From an algebraic view,
both ([0,1],T) and ([0,1],S) are semigroups with identities 1 and 0 respectively,
and thus they are commutative monoids.

Definition 208 Let ¢ be an automorphism on [0,1] and S a t-conorm. De-
fine S¢ by: Va,y € [0,1] such that S¢(x,y) = ¢~ 'S (¢ (x),d (y)). This is the
¢—transform of the t-conorm

Proof. (1) S¥ (z,y) = ¢~ 'S (¢ (z), ¢ (y) = )
(2) 1 < 22 and y; < yo, then (1) < @ (22) and ¢
S(p (1), () < S(p(z2),0(y2))
= ¢ 'S (@ (x1),9 (W) <@ 1S (@ (x2), ¢ (32))
= 5% (x1,51) < 5% (12,12)
(3) 5% (5% (x,y),2)

= ()

Proposition 209 Let T be a t-norm and n a strict negation. Define S : [0,1] x
[0,1] — [0,1] S(z,y) =0~ T (n(z),n(y)). Then S is a t-conorm

Proof. (1) S (z,y) =n~'T(n(x),n(y) =n""T (n(y),n(x)) =S (y,2)
(2) 1 < x5 and y; < yo, then n(x2) < n(zx1) and 1 (y2) < n(y1) so that
T (n(z2),n(y2)) <T (n(z1),n(y1))
= 0 'T(n(x1),n W) <0 'T (e (22), 0 (y2))
= S(x1,51) < 5 (22,92)
(3) S(S(z,y),2)
=0T (™ 'T (n (),

— 7T (0 (z) 0 (S (2.9)))
— 5(z,8(y.2)
(4) $(0,2)

Thus, we can construct the following ¢-conorms from the given ¢-norm

Example 210 Sy (7,y) = 1 min (0 (2), 0 (y))
=n""(n(x)An(y))
= ((1-2)A(1-y))
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=1t (min{l - 2,1 —-1y})
=1-min{l —z,1—y}
= max {z,y}

Example 211 S (z,y) =n"'TL (n (=), (y))
=n"" (max{0,7(z) +7(y) —1})
=nt(max{0,1 —z+1—-y—1})
=n"" (max{0,1 -z —y})
=1-max{0,1 —z —y}
=min{l,z + y}

Example 212 Sy (z,y) =n""To (1 () ,1(y)) =n~" n(y) ifn(x)=1

n(x) ifn(y) =1 )

0 otherwise
n(x) ify=0 z ify=0
=t n(y) fz=0 | =9y ifz=0
0 otherwise 1 otherwise

Example 213 Sy (z,y) = n"'Tx (n(x),n(y) =n"" (n(z)n(y))
= 'l-o)(A-yl=n"l-(+y—ay|=z+y—uay

Proposition 214 Sy > S;, > S; > Snax

Proof. Since Ty (1 (2) .7 (y)) < Tr (n () ,n(y)) < Tx (n(2) 0 (¥)) < Toin (7 (2) , 7 (y))
and n~! reverses order so we can apply this to complete the proof. m

Proposition 215 Sy > S > S«

Proof. Again, since Ty (n(z),n(y)) < T (n(z),n(y)) < Twmin (n(2),n(y)) for
any T, therefore So > S > Spax B

Proposition 216 S (z,1) =1

Proof. S(z,1) =0 (T (n(z),n(1))) =n"" (T (n(2),0)=n""(0)=1 =
Proposition 217 If a t-conorm S satisfies idempotency, then S = Smax
Proof. If S (z,z) =z = n_lT(;y (x),n(x))

Then, z =0T (n(z) ,n ()

= n(x) =T (n(x),n(z))

= =T (z,2)

= T =Thn

= S=0S5n.x 1

We have the following propositions concerning the absorption law:

Proposition 218 Let T and S be a t-norm and a t-conorm respectively. If
vx’ y e [07 1}) T(S($7 y)? x) = x7 then T - Tl'IliIl'
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Proof. Since T(S(z,y),x) = x Vz,y, it is particularly valid for y = 0 in which
case we have the idempotent law T'(S(z,0),2) = T'(z,z) = « so that T' = Tiyin
[

Proposition 219 Let T and S be a t-norm and a t-conorm respectively. If
Va,y € [0,1], S(T(x,y),x) = x, then S = Smax

Proof. Again, we choose y = 1 to get S(T(z,1),2) = S(z,z) = x so that
S = Smax u
Another similar proposition holds for the distributive law

Proposition 220 Let T and S be a t-norm and a t-conorm respectively. If
Vz,y,z € [0,1], S(z,T(y,2)) = T(S(z,y),S(x, 2)), then T = Tpnin.

Proof. If we let z = 0, then S(z,T(y,0)) = T(S(x,y), S(x,0))
= S(JE,O) = T(S(z,y),x)
= z=T(S(z,y),2)
— T = Tmin | |

Proposition 221 Let T and S be a t-norm and a t-conorm respectively. If
Va,y,z € 0,1], T(z, S(y, 2)) = S(T(x,y),T(x, 2)), then § = Smax.

Proof. Take z = 1. Then, T'(z,S(y,1)) = S(T(z,y),T(z,1))

= T(z,1) = S(T(x,y),x)

z = S(I(z,y), )

— S =Shax B

Thus, the distributive laws imply the absoprtion laws which in turn imply
the idempotent law.

Definition 222 Let T and S be a t-norm and a t-conorm respectively and n a
strict negation. IfVa € [0,1], n(S(z,y)) = T(n(x),n(y)), then (T,S,n) is called
a De Morgan triple.

Definition 223 Let A, B be fuzzy sets on X and (T, S,n) a De Morgan triple.
The complement Aj of A under n, the intersection ANt B of A and B under t-
norm T and union AUg B of A and B under t-conorm S are respectively defined
by: Vz € X, A} (z) =nA(z), (ANr B)(z) = T(A(x), B(z)) and (AUs B)(z) =
S(A(z), B(x)).

If T = Tin, n(z) =1 — 2z and S = Spax, then (A Ny B)(z) = A(z) A B(z)
and (AUg B)(x) = A(z) V B(z), which are Zadeh’s intersection and union. If
T =T, nand S = Sw, then (ANy B)(z) = A(z)B(z) and (A Ug B)(z) =
A(z) + B(z) — A(x)B(z). f T =T, n(x) =1 —x and S = S, then (AN
TB)(x) =max {0, A(z) + B(z) — 1} and (A Ug B)(x) = min {1, A(z) + B(z)}.

Proposition 224 If (T,S,n) is a De Morgan triple, then the algebraic system

(F(X),Us,Nr,c) has the following properties:
(1) Anp BC AC AUg B;
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(2) Anr B=Bnr AJAUs B=BUg A

(3) (AQTB)QTCZAQT (BHTC),(AUSB)UsczAUs(BUsC);

(4) ANt @ =0, AUs@=A, ANt X = A, AUs X = X

(5) (AUs B);, = A N By, If 1) is a strong negation, then (AN B); =
A%USB;;

Proof. This proof is valid Vz so that the propositions hold.

(1) (Ang B)(z) =T (A(x), B (z))

< Twin (A(2),B(2) < A(x) =5 (A(2),0) < S(A(z), B (z))

(2) (Anr B) (z) =T (A(z), B (z) :

(AUs B) (z) = S(A(x), B (x)) =

(3) (AnyB)NyC =T (T (A(x),B(x)),C
ANy (B N C)

(AUs B)Us C = S5(S(A(z),B(2)),C (z)) = S(A(z),5 (B (z),C (z))) =
AUg (B Ug C);

T

5) (AUsBY: () = 1
(A; N7 By)(x).

If ) is a strong negation, (AN B)°n(z) = n((ANrB)(z)) = n(T(A(x), B(x))) =
Hn(S(AS (2), B2(2)))) = (AS Us BE) (o). m

Definition 225 Let I:[0,1] x [0,1] — [0,1]. If I(x,y) is decreasing in x and
increasing in y (usually I is called hybrid monotonous) and satisfies I1(1,0) =
0,1(0,0) =1(1,1) =1, then I is called a fuzzy implication.

A fuzzy implication is an extension of the ordinary implication in classic
logic.

—_

Proposition 226 1(0,1) =
(

Example 227 Ii(z,y) = max(1l — z,y)
Example 228 [r(z,y) = min(l — x4+ y, 1)

1 =<y

Example 229 I3(z,y) = { ylx >y

Proposition 230 IfI is a fuzzy implication and 1 is a negation, then I defined
by Vx,y € [0,1], I(z,y) = I(n(y),n(x)) is a fuzzy implication as well.
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Proof. For 1 < @3, n(z2) < n(z1) and y1 < ya, 7(y2) < 1(y1) so that
I(@2,y1) = I(n(y1),n(x2)) < I(n(y2),n(z1)) = 1(z1,y2)

1(1,0) = I(n(0),n(1)) = I(1,0) = 0

1(1,1) = I(n(1),n(1)) = 1(0,0) = 1

1(0,0) = I(n(0),7(0)) = I(1,1) =1 m

Proposition 231 A mapping I : [0,1] x [0,1] — [0,1] is a fuzzy implication
iff it satisfies the following:

(I2)Vy < I( y) < I(w,2);
(I3)Vz € [0,1],1(0,2) = 1;
(Iy)Vz € [0,1],I(z,1) = 1;
(15)1(1,0) = 0.

Definition 232 Let S be a t-conorm and N a strong negation. Then, I defined
by Vo € [0,1], I(x,y) = S(N(x),y) is called an S-implication.

Proposition 233 I(x,y) = S(N(x),y) is a fuzzy implication.
Example 234 S = Spux, N(z) =1 —z,I(x,y) = max(1l — z,y).
Example 235 S =S5, N(z)=1—x,I(z,y)=1—2 + 2y
Example 236 S =S5, N(z)=1—2,I(z,y) =min(l —z +y,1).

Theorem 237 An implication I is an S-implication iff I satisfies the following
properties:

(1) Vx € [0,1], I(1,x) = x (the so-called neutrality principle);

(2) Va,y,z € [0,1] I(x,I(y,2)) = I(y,I(z,2)) (the so-called exchange prin-
ciple);

(8) There exists a strong negation N such that Vz,y € [0,1],I(z,y) =

I(N(y), N(z)).

Proof. Necessity. If I(z,y) = S(N(z),y)),where S is t-conorm and N a
strong negation, then I(1,z) = S(0,z) = z, and thus (1) is valid. In addition,
12, 1(y, 2)) = S(N (@), I(3, 2)) = S(N(2), S(N(y), 2)) = S(S(N(y), 2), N(x)) =
S(N(y),S(z,N(z))) = I(y,I(x, z)). Hence (2) is true. Finally, I(N(y), N(z))
S(y, N(z)) = I(z,y), i.e. (3) is true.

Sufficiency. Suppose that I satisfies (1), (2) and (3). Let S(z,y) = I(N(x)
We prove that S is a t-conorm. Firstly, S(0,y) = I(N(0),y) = I(1l,y
y, i.e. the boundary condition is satisfied. Since S(x,y) = I(N(z),y) =
I(N(y), N (N (z))) = I(N(y),z) = S(y,z) by (3), S is symmetric. Mean-
while, V,y, 2 € [0,1],.5(x, 5(y, 2)) = I(N(x),5(y,2)) = I(N(x), [(N(y),z)) =
I(N(2), 1(N(2), 9)) (by (3)) = (N (=), I(N(2), 9)) (by (2)) = I(N(I(N(z), ), 2)
(by (3)) = I(N(S(z ,y)) z) = S(S(x,y),z). Hence S is associative. In summary,
S is a t-conorm. Noticing that I(z,y) = S(N(x),y), I is an S-implication. m

us
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Definition 238 LetT be at-norm. Then It defined by: Vx,y € [0,1], IT(x,y) =
sup{z | T(z, z) < y} is called an R-implication.

The definition is based on the following equality of crisp sets: AU B =
(A\B)¢ = U{X|ANX C B}. It should be pointed out that Ir is indeed a fuzzy
implication.

Proof. Ir(0,0) =sup{z | T(0,z) =0<y} =1

Ir(1,1) =sup{z | T(1,2) =2 <y} =1

I7(1,0) =sup{z | T(1,2) =2 <0} =0

To show that I is decreasing in x and increasing in y, take zo < 7 and
y1 < Y2

Then, It (z1,91)

z

—sup{z | T(r1,2) < 11}
=sup{z | T(z2,2) < T(x1,2) < y1}
=sup{z | T(z2,2) < y1}

< sup{z | T'(z2, 2) < 2}

=Ir (22,y2) ®

Example 239 Let T = Tyin. Then we have the Godel implication: Ir(x,y) =

1 z<y

y >y
Example 240 Let T = T,. Then we have the Goguen implication: Ir(x,y) =

1 z<y

y/r x>y
Example 241 Let T = T1,. Then we have the Lukasiewicz implication: Ip(z,y) =
min(l —z +y,1).

Definition 242 A mapping E : [0,1] x [0,1] — [0, 1] is called a fuzzy equiv-
alence if it satisfies that

(EI)VIay € [Oﬂ 1]a E(z,y) = E(ya l’);

(E2) E(0,1) = E(1,0) = 0

(E3)Vz € [0,1], E(z,z) = 1;

(E4) E(x,y) < E(x1,y1) whenever x < x1 <y; <y.

Example 243 Godel equivalence: E(x,y) = { min 255 ) i;z

) 1 z=y=0
Example 244 Goguen equivalence: E(z,y) = { $;;}1(((27;)) otherwise
Example 245 Lukasiewicz equivalence: E(z,y) =1 — |z — y|

Proposition 246 The mapping E : [0,1] x [0,1] — [0,1] is a fuzzy equiva-
lence iff there exists a fuzzy implication I such that Vx € [0,1],I(x,2) = 1 and
E(z,y) = min(I(z,y), [(y, z))-
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Proof. (=) Let I(x,y) = { E(i,y) ziz
implication. Firstly, we show that I(z,y) > I(z,y) whenever x < z. If z <
y,I(xz,y) = 1 and the desired equality trivially holds. If © > y, then y < = < z,
I(z,y) = E(z,y) > E(z,y) = I(2,y). Hence I(-,y) is decreasing in z. To
show that I(z,) is increasing in y, assume y < z. If y > =, then x < y and
x < zsothat I (z,y) =1<1=1(x,2). If z > y, then either 2 > = > y
or x > z > y. In the first case, I (z,2z) = 1 > I(x,y). In the second case,
I(z,2) = E(v,2) > E(x,y) =1 (z,y).

I (Oa ]-) =

I (1, 1) =1

1(0,0) =1 trivially hence I is an implication.

When z <y, I(z,y) =1, and I(y,z) = E(y,x) = E(z,y) = I (x,y). Hence,
E(z,y) = min(I(z,y), I(y,z)). In the case of z > y, then I (z,y) = E (z,y) =
E(y,z) =1 (y,z) and hence E(z,y) = min(I(z,y), (y,x))

(<) E(z,y) = min(I(z,y), I(y,2)) = min(I(y,2), I(z,y)) = E(y,z) .

E (z,z) = min(I(z,2),I(z,2)) = min(I(z,z)) = I (x,2) =1

E(0,1) = min(7(0,1),1(1,0)) = min (1,0) = 0 = E(1,0) by symmetry of F

Take z < x1 <y; <y. Then, E(z,y) = min(I(z,y),I(y,z))

<min (I (z,y),1 (y1,71))

S 1 (yl; CIjl)

. We verify that I is a fuzzy

Notice that I (y1,21) < I (21,y1)sothat I (y1,21) < min (I (z1,y1),71 (y1,21)) =

E(xlayl) u

Corollary 247 A mapping E : [0,1] x [0,1] — [0,1] is a fuzzy equivalence
iff there exists a fuzzy implication I such that Yz € [0,1], I(z,z) = 1 and
E(z,y) = I(max(z,y), min(z, y))

Proof. ( ) E(z,z) = I(max(z,z), min(z,z)) = I (z,z) =1
E(0,1) = I(max(0,1),min(0,1)) = I(1,0) =0
E(1,0) = I(max(1,0),min(1,0)) = I(1,0) =0

(ma,

Let x <21 <y; <y. Then,
E(.’L‘,y) = I(max(m,y),min(a:, y)) < I(max(xlvyl)ﬂ min(mlv yl)) = E(xlayl)
onsider F (z,y) = I(max(z,y), min(x,y)) = min(I(z,y), I(y, z)).

Then, E (z,z) =1=1I(z,x)

Clearly, 1(0,0) = I(1,1) =1

Next, £(0,1) =0=1(1,0) and also £ (1,0) =1(0,1) =0

Finally, let x < x1 <y1 <y

Then, E (z,y) < E (z1,v1)

— I (max(z,y),min(z,y)) = I (y,z) < I (max(x1,y1),min (x1,y1)) =

I (y1,x1) so that I is decreasing in  and increasing in y. ®

I
Q

Definition 248 Let A be a fuzzy set on X. For a € [0,1], the a-cut A, of A
is defined as A, = {z|A(x) > a}, and the strong a-cut A, of A is defined as
Ay = {z]A(x) > a}
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Proposition 249 Ay C Ay Vae0,1]), 4o = X, A; = @, A; = ker(A) and
Ay = supp(A)

Proof. Ifxe/ia,thenx>a = r>a — z € A,
Ao = {olA(2) > 0} = X
Ay ={z|A(z) > 1} =2
A = {z]A(z) > 1} = {z]A () = 1} = ker(4)
Ag = {z[A(z) > 0} = supp(A) m

Proposition 250 Let A,B,A;,B; € F(X) (i € I).Then (AU B), = A, U B,,
(ANB)y = AaN By,

Proof. If x € (AU B),, then (AU B) (z) > «
= A(x)VB(z) >«
= A(x)>aor B(z) >«
— gz cA,orz € B,
Conversely, x € A, U B,
= xe€ A, orz € B,
= A(z)>aorB(z) >«
= A(x)VB(z)>a
= (AUB)(z) > «
= z€ (AUB),
Next, z € (ANB)y, < (ANB)(z) >«
< A(z) >aand B(z) > «
<~— rv€A,NB, =

Proposition 251 Let A,B,A;,B; € F(X) (i € I). (AUB)y = A U B,
(ANB)o = Ay N B,.

Proof. The proof is nearly same as above: If z € (AUB),, then (AUB) (z) > «
— A(z)VB(z)>a
— A(z)>aor B(z)>a
— g€ A,orz e B,
Conversely, x € A, UB,
— z€A,orzeB,
— A(z)>aor B(z)>a
(z)VB(z) >«

Proposition 252 Let A, A; € F(X) (i € I)U(Al)a C (UA1> , (ﬂAl> =

i€l iel iel
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Proof. z € U(Ai)a

iel
i € I, such that x € (4;)q
Jiel, Ai(z) > o

supA;(z) > «
iel

il

Next, for (ﬂAi> = ﬂ(Az)a

el

T € (ﬂA,) = (ﬂAL> () > «
o iel
— Ai(z)>aViel
— ze(d), Viel
— xeﬂ(Ai)aWeI n
iel
The converse of the first part of the proposition does not hold:
Let A,(n = 1,2,...) be fuzzy sets on a universal set X, defined by Vz € X,
Ap(z) =05—-1/n+1. Put =0.5. ThenVz € X and n =1,2,..., 4,(z) < &

(oo}
and hence (4,), = @. As a consequence, U (Ap), =92
nel

However, (UA"> = supA,(z) = 0.5 and hence x € U (An),, for every
nel o " nel

x. Therefore, G (A,), = X. Clearly, U(Ai)a # (UA’>

nel iel i€l

Proposition 253 (U‘le> = U (/12> , ( flz> C ﬂ(flz)a

iel /o i€l * \ier /, el
Proof. z € U(Al)a

iel R
<= 3Ji € I, such that = € (4;)a

— Jiel, Ai(z) >
< supd;(z) > «
<~

iel
S UI‘L
iel
Next, for (ﬂAz) Cc m(/iz)a
il o i€l

S (ﬂ/L) = (ﬂ Ai> (z) > «

]



— Aj(x)>aViel
— :ce(/li)av@‘e]
B xeﬂ(ﬁi)awel [

iel
The converse of the second part of the proposition does not hold:
Let A,(n =1,2,...) be fuzzy sets on a universal set X, defined by Vz € X,

An(x)=05-1/(n+1). Puta=0.5. ThenVz € X andn =1,2,..., A,(z) <

o0
= @. As a consequence, m (An) =g
(o9
iel

and hence (An)

[e3

o0 o0
However, (ﬂAn> =infA,(x) = 0.5 and hence = € ﬂ (Ay),, for every .
i€l o i€l

Therefore, ﬁ (An), = X. Clearly, ﬁ(Al)a #+ (ﬁAl>

i€l iel iel

Proposition 254 Let A, A; € F(X) (1t € I). If aq < ag, then Ao, C Aq,,
Aa, C flal and Aaz - Aal

Proof.xeA%
= A(z) > ay >
= A(z) >a;and A(z) > o
— z €A, and z € A,,
z € Ag,
= A(x) > a2 >
— zcA, =

Proposition 255 Let A, A; € F(X) (1 €I). Let o = \/Ozi,ﬂ = /\ai. Then
i€l i€l

ﬂAai = Aq, UAai = Ag. Particularly, m Ay = A, and U Ay =A,.

il iel A<a A>a

Proof. z € ﬂAai
icl
— A(x) € A,V (iel)
— A(x)>waV(iel)
< A(z) > supq;

= r>a«a
— r €A,
For the second equality,
T € UA%,

iel
<= 3i € I such that x € A,,
<= i € I such that = > «;
<= A(z) > infa;

1
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— Ax)>p
< xclg m

Proposition 256 Let A, A; € F(X) (i € I). (A%, = (4i1_.)", (AC> =
(i)
Proof. z € (4;1_,)°

— ¢ A,

—= Alz)<l-«

= A°(z) >«

— z € (A9,

For the second,

x € (Al—a>

= z¢ A,

= A()<1l-a

— A°(z) >«

= z€ (/10) n

Proposition 257 a3 < as implies that a1 A C as A

Proof. a1 A (z) < asA(x) by hypothesis
so that vjA C asA m

Proposition 258 A; C Ay implies that a Ay C aAs

Proof. By hypothesis, A; (z) < Az (x)
so that ad; (z) < ads (z)
= ad; C aA2 ]

Proposition 259 For every A€ F(X), A= |J ad.
a€l0,1]

Proof. Vz € X,

( U ozAa>(x):< V ozAa> (x)z( V a/\Aa>
a€l0,1] a€l0,1] a€l0,1]

=max{ V (A4, (x), V (aAA,(z))
T€EAL rZ Ao

= V a=A4(z). =
a<A(x)

Corollary 260 Let A,B € F(X). Then A = B <= Va € [0,1], Ay = B,

< Va€l0,1], Ay = Ba,
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Proof. A=B
— U ada= U aB,
a€gl0,1] agl0,1]
< Va € [0,1], Ay = B,
— Vael0,1], A, =B, =
A fuzzy set and all its (strong) a-cuts thus are uniquely determined by each

other. As a matter of fact, it can be seen that A(z) = \/ « so we can find the
T Aq
fuzzy set A if its (strong) a-cuts are given for all « € [0, 1].

2.2 L-Fuzzy sets

In the definition of a fuzzy set, the range of the involved mapping is confined to
the totally ordered set [0, 1]. From the mathematical view, this restriction is not
natural. In this section, [0,1] is extended to a general lattice L, which leads to
the so-called L-fuzzy sets. As in fuzzy sets, some operations such as union and
intersection may be formed by employing the concept of supremum and infimum
in L. However, a generalization of the complement operation needs some extra
efforts since there is no operation in L available for formulating complement. In
view of this, we start with the concept of a pseudo-complement.

Definition 261 Let (P, <) be a poset. A mapping n: P — P such that
(1)Va, B € P, a < B implies that n (8) < n(a),
(2) Yo € P, 1 (1) = o,
is called a pseudo-complement on (P, <)

Clearly, every strong negation is a pseudo-complement on ([0,1],<) and
n(A) = A (VA € P(X)) is a pseudo-complement on (P(X), C).

Example 262 The complement ¢ in a soft algebra (L,V, A, c) is a pseudocom-

plement. Since the complement ¢ in every soft algebra is involutive, it suffices

to prove that Vo, 8 € P, a < 8 implies that B¢ < af. Indeed, when a < 3,
BC<BVat=(BNa) =af

The complement in a Boolean algebra is also a pseudo-complement since
every Boolean algebra is a soft algebra.

Proposition 263 If (P, <) is a bounded poset with the greatest element 1 and
the least element 0 and if n is a pseudo-complement on (P, <), then n(1) =0
and 1 (0) = 1.

Proof. Trivially, 0 < 7 (1). Using this, we get n(0) > n(n(1)) =1

Trivially, 7 (0) < 1. Using this, we get 0 =17 (1 (0)) > n (1).

Combining the four inequalities, by antisymmetry, we get (1) = 0 and
n0)=1. =

Proposition 264 Ifn is a pseudo-complement in a lattice (L,V, ), thenn (aV ) =
n(e) An(B) and n(aAB) =n(a)Vn(B)
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Proof. It follows from o > a A 8 and > a A 3 that

n(anB) > n(a)vn(8). Take a = n(z) and 8 = n(y). Then, the last
inequality gives us

n(n (@) An(y)) =nm(x)Vnn(z) ==2Vy. Apply n on both sides again
to get

m (n (x) An(y)) < n(zVy)so that n(z) An(y) < n(zVy)

In other words, n (@) An(8) < n(aVj)

By antisymmetry, n (o V 8) = n(a) An ().

For the second, consider « < @V 8 and 8 < « V 8 which gives us 7 («)
>n(aVp) and

n(8) = nlaV §). Thus

n(aVB) <n(a)An(B).

n(anB) >n(a)Vvn(B). Next, we use n(aV B) < n(a) An(B) and again
take a = (x) and

B=n(y) toget n(n(x)Vn(y) <n(n@)Anh(y) =zAy

That is, n(n (z) Vn (y) <z Ay

Apply negation on both sides again to get nn (n(z) Vn (y)) > n(x Ay)

orn(z)Vn(y) =n(xAy)

or n(a) Vn(B) > n(aAp)

Combining the two, we get the second equality m

For a complete lattice, the preceding proposition can be extended as:

n <\/ ) An(a;) and n (/\al> = \/n(e;) where I is an arbitrary

i€l i€l icl icl

indexing set.

Definition 265 Let X be the universe of discourse and let (L,V, ) be a lattice.
A mapping A : X — L is said to be an L-fuzzy set on X. The set of all L-fuzzy
sets on X will be denoted by Fr(X).

Fp(X) can be given whatever operations L has, and these operations will
obey any law valid in L which extends point by point. For example, the concepts
of subset, union and intersection can be defined by means of <, V and A in L
respectively. More specifically, let A,Be F(X). If Vo € X, A(z) < B(z), then
A is called a subset of B, denoted by A C B. The union AU B of A and B is
defined by Va € X, (AU B)(x) = A(x)V B(x). The intersection AN B of A and
B is defined by Vz € X, (AN B)(z) = A(z) A B(z). Clearly, A=Biff ACB
and B C A. For a complete lattice (L,V,A) and A; € Fr (X) (¢ € I), union
and intersection can be extended, Vo € X, (

(U) (0= Vo) and (1) (0) = A ito)

icl i€l i€l icl
If there is a pseudo-complement 7 on (L, <), then the complement A€ of

A in Fp(X) is defined by Vo € X, A°(z ) = n(A(x)).Generally speaking,
(Fr (X),U,Nn) is a lattice. As some additional conditions are imposed on L,
Fr, (X) will gain some more properties. As examples, we have the following:

Proposition 266 If (L,V,A) is a distributive lattice, then (Fr (X),U,N) is a
distributive lattice.
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Proof. First we prove that (Ff (X),U,N) is a lattice. For A, B,C € Fp, (X),
and Vo € X, (AU A) () = A(x) V A(x) = A(z). Thus, AU A = A. Similarly,
(ANA)(z)=A(x) NA(z) = A(x)
Next, (AU B) (z) = A(z) V B(z
Similarly, (AN B) (z) = A(x) A B(z) )
Furthermore, (AU (BUC)) (z) = A(x)V(BUC) (z) = A(x)V(B(z) vV C (z))
= (A(z) vV B(x)) vV C ()

=(AUB)(z)VC(z)=(AUB)UC)(x)

Similarly, (AN (BNC)) (z) = A(z) A (BN C) (z) = A(z) A (B(z) AC (z))
= (A(z) A B(z)) AC ()

=ANB)(x)ANC(x)=((ANB)NC) ()

Finally, (AN (AU B)) (z) = A(x) A(AUB) (z) = A(z) A (A(z) vV B (2)) =

A(z)

And (AU(ANB))(z) = A(z)V(ANB) (z) = A(x)V(A(z) A B (x)) = A(x)

To the prove the second part, since we have A(x)V(B (z) A C (z)) = (A(z) V B (x))A
(A(2)V C ()

Therefore, [AU (BN C)](z) = (AUB) ()N (AUC) (z)

Since the second distributive law is the equivalent as the first in a lattice,
therefore the proof is complete. m

Proposition 267 Let L = P(X) and V,A and c be the union, intersection
and complement of crisp sets respectively. Then (Fr (X),U,N,¢) is a Boolean
algebra.

2.3 Fuzzy Relations

As known to us, a relation is a subset of the Cartesian product of two sets.
A relation is naturally fuzzified while a subset is fuzzified. In fact, whether
two objects have a relation is not always easy to determine. For example, the
relation “greater than” on the set of real numbers is a crisp one because we
can determine the order relation of any two real numbers without vagueness.
However, the relation “much greater than” is a fuzzy one because it is impossible
for us to figure out the exact minimum difference of two numbers satisfying this
relation. In real world problems, there exist a lot of such relations, e.g. “ being
friend of” and “being confident in” between some people. These relations will
be termed as fuzzy relations.

Definition 268 Let X andY be two non-empty sets. A mapping R: X XY —
[0,1] is called a fuzzy (binary) relation from X toY. For (z,y) € X XY,
R(z,y) € [0,1] is referred to as the degree of relationship between x and y.
Particularly, a fuzzy relation from X to X is called a fuzzy (binary) relation on
X.

By definition, a fuzzy relation R is a fuzzy set on X XY ,i.e. R € F(X xY).

We know that the relation > (greater than) on the set of real numbers is a crisp
relation with the characteristic function defined by
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1 T >y
0 otherwise

>(x,y){

whereas the relation >> (much greater than) is a fuzzy relation on the set of
real numbers, which may be expressed by

1 + 100 T >
>> (z,y) = { (z—y)* Y

0 otherwise

For instance, the ordered pairs (x + 1,z) have a low degree 1/101 with
respect to “>>", the ordered pairs (z + 10, 2) have an intermediate degree 0.5
with respect to “>>", and the ordered pairs (z + 100,z) have a high degree
100/101 with respect to “>>".

Definition 269 Let R be a fuzzy relation from X to Y. The R-afterset xR
of v (x € X) is a fuzzy set on Y defined by Vy € Y, (zR)(y) = R(z,y).
The R-foreset Ry of y (y € Y) is a fuzzy set on X defined by Vo € X,
(Ry)(z) = R(z,y).

Since fuzzy relations are fuzzy sets, they have the same set-theoretic opera-
tions as fuzzy sets. Let R and S be fuzzy relations from X to Y. R is contained in
S, denoted R C S, iff V(z,y) € XXY, R(z,y) < S(z,y); Risequal to S, denoted
R=25,ifft V(z,y) € X XY, R(z,y) = S(z,y). Clearly, R= S5 iff R C S and
S C R. The union RUS € F(X xY) of R and S is defined by V(z,y) € X xY,
(RUS)(z,y) = R(z,y)V S(z,y). The intersection RNS € F(X xY) of Rand S
is defined by V(z,y) € X XY, (RNS)(z,y) = R(z,y) AS(z,y). The complement
R € F(X xY) of R is defined by

V(z,y) € X x Y, (R°)(z,y) =1 — R(z,y). The inverse R~ € F(X x Y) of
R is defined by V(z,y) € X x Y, R71(y,z) = R(z,y).

In addition, if R; € F(X x Y) for ¢ € I indexing set, then |J R; is defined

i€l

by V(z,y) € X xY, (URZ) (z,y) = V Ri(z,y) and (| R; is defined by
icl iel iel

V(ey) € X XY, (mRi) (2.9) = A Rila.y)

i€l iel

Proposition 270 (RUS)" ' =R 1US™;

Proof. (RUS) ! (z,y) = (RUS) (y,x) = R(y,z) VS (y,z)
=R Y (x,y)vSTt(z
=(R*US™) (z,y)

Proposition 271 (RNS)"! =R 1 NS~

Proof. (RNS) ! (z,y) = (RNS) (y,x) = R(y,x) A S (y,x)

=R Ya,y) ANS7! (z
=(R'NS™) (z,y)
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Proposition 272 (R¢)~! = (R71)°.

PI‘OOf. (Rc)il (17, y) = RC (ya IE)

=1-R (yv LU)

=1-R! (xv y)

— (R (z,y) m

A fuzzy relation also has the concept of (strong) a-cut. The crisp relation
R, = {(z,y) | R(z,y) > a} for a € [0,1] will be called the a-cut relation of R,
and R, = {(z,y) | R(z,y) > a} for a € [0,1] will be called the strong a-cut
relation of R.

Clearly, both an a-cut relation and a strong a-cut relation are crisp relations
from X to Y. Naturally, (strong) a-cut relations have all the properties valid
for (strong) a-cuts of a fuzzy set, e.g. (RUS)q = Ro U Sa,

(R), = (Ri-a)", R(z,y) = e\[{) . (@A Rq (,y))

Let R be a fuzzy relation from X to Y, where X = {x1,z,...,2,} and
Y = {vy1,y2, ..., Um}. In this case, by letting r;; = R(z;,y;) for i =1,2,...,n and
j=1,2,...,m, the fuzzy relation R may be represented in the form of a matrix

™11 Ti2 ... Tim
T21 - Tam
Tn1 T'nm

Thus, we can simply write we simply write R = (7, )nxm

Example 273 Given the universe of height X = {140, 150, 160, 170, 180} in cm
and the universe of weight Y = {40,50,60,70,80} in kg, the relation between
the height and weight of a person may be regarded as a fuzzy relation R which

s expressed as:
1 08 02 01 0

08 1 08 02 0.1
02 08 1 08 0.2
01 02 08 1 0.8
0 01 02 08 1
In this case, 140R = 0.8/40 + 1/50 + 0.8/60 + 0.2/70 4 0.1/80 and R70 =
0.1/140 4 0.2/150 + 0.8/160 + 1/170 + 0.8/180

Proposition 274 Let R = (r45)
(1) RUS = (Tij \/Sij)
(2) RNS = (Tij \Y Sij)
(3) R® = (1 =7i5)m
(4) R~t = RT, where RT stands for the transpose of R.

and S = (8i),m- Then

nxm
nxm

nxm

Proof. (1) (R U S) (xi,yj) = R(Ii,yj) VS (mi,yj) = (T’ij V Sz'j)
= RUS= (Tij\/sij)

nxm
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(2) (RNS) (wi,y5) = R (i, y5) NS (wi,y5) = (rij A sij)
= RNOS = (rij ASij)psm = (Tij A Sij)psm

(3) R® (wi,yy) = 1= R(zi,y;) =1 —rij

= R°= (1 - Tij)nxm

(4) R (zi,95) = R(yj, @) = 75

:> R_l = (TJZ)TLX'IH.

— R '=R' m

Definition 275 (1) The complement R of R under 1 is defined by V(z,y) €
X xY,R(2,y) = n(R(z,y)).

Definition 276 (2) The union Ry Us Ry of Ry and Ry under S is defined by
V(xvy) € X X Y7 Rl Us RQ(xay) = S(Rl(xay)aRZ(xvy))

Definition 277 (3) The intersection RyNy Ry of Ry and Ry under T is defined
by V(z,y) € X xY (R1Nr R2)(z,y) = T(Ri(z,y), Ra(2,y)).

2.3.1 Composition of Fuzzy Relations

Motivated by the characteristic function expression of the round composition
of crisp relations, the round composition of two fuzzy relations is defined as
follows.

Definition 278 Let R€ F(X xY), S € F(Y xZ) and T € F(X x Z) be three
fuzzy relations. IfV(x,z) € X x Z,

T(z,z) = \/ (R(z,y) A S(y, 2)) = hgt([zR] N [S=])
yey

then T is called the (round) composition of R and S, denoted by Ro S.

If R is a fuzzy relation on X, we employ R? to denote R o R and define R"
(n is any positive integer greater than 1) recursively by R" = R"~!o R. In the
case of finite universes, the composition can be readily performed by means of
matrices. To illustrate this point, let X = {x1,29,...,2:},Y = {y1,92,--,Ym }
and Z = {z1, 22,..., zn} and let R = (745)ixm, S = (Sij)mxn and T = (t;;)ixn.
By the definition of composition, T'= R o S means

T(zi,21) = \/ (R(zi,y7) A S(yj,2)) = hgt([zR] N [S2])

Y; €Y
or equivalently t;r, = \/ (755 A sji) for i =1,2,...,land k =1,2,...,n
j=1
0.8 0.3
Example 279 if R = 0-3 0.7 02 and S = 1 0 then Ro S
1 0 09 05 0.6

(0.3A0.8) v (0.7A0.1) V (0.2A0.5) (0.3A0.3)V (0.7A0)V (0.2A0.6) \ _
( (1A0.8)V(0A0.1)V(0.9A0.5) (1A0.3)V(0A0)V (0.9 A0.6) ) -
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0.3 0.3

< 0.8 0.6 >
Proposition 280 The composition of fuzzy relations fulfills the following prop-
erties provided that the involved compositions are possible to perform.

(1) (RoS)oT =Ro(SoT);

(2) R C S implies that RoT C SoT and ToR C T oS, especially R C S
implies R™ C S™ for any positive integer n;

(3) (RoS)™t =871 o R

(4) (RUS)oT =(RoT)U(SoT) andTo(RUS)=(ToR)U(ToS);

(5) (RoS)a = Ra0S, and if the involved universes are finite, then (RoS), =
R, 0S8,

(6) (RNS)oT C(RoT)N(SoT).

Proof. (1) Let R € F(X x Y1), S € F(Y1 x Y3),T € F(Y, x Z). Then
V(z,z) e X x Z
[(RoS)oT](z,2) = V [(RoS)(x,y2) AT (y2,2)]

Y2€Y2
= \E/Y ( \G/YR(Ivyl)AS(th)) AT(yzvz’)]
=V V (R(z,51) AS(y1,92) AT (ys, 2))
Y2€Y2y1€Y1
= \E/Y R(z,y1) A \G/Y (S(yl,yz)/\T(ymz))]
= V [R(z,y) A(SoT) (y1,2)]
y1€Y1

=Ro(SoT)(z,z)
(2) Take T € F(Y x Z) and R,S € F(X xY). Since R(z,y) < S(z,y)

V(z,y) € XxY
(RoT)(z,2) = \G/YR (z,y) NT(y, 2)
<V Sy AT(y,2) = (SoT)(x,2)

yey
Next, take T' € F(X xY) and R, S € F(Y x Z). Since R (y,z) < S(y,z2)
V(y,2) €Y x Z
Then, (T o R) (#,2) = V/ R(y,2) AT(x,)
yey

<V S,2)AT(z,y)
yey

(3) Take R € F(X xY) and S € F(Y x Z). Then, R~! € F(Y x X) and
STeF(ZxY)

(RoS)"'=8"1oR™1;

Then, (Ro S)"!(z,2) = (RoS) (z,2)

=V R(x,y) AS(y, 2)
yeYy

= \/ S_l(zay) AR (y’x)
yey

(57'oR7Y) (2,2)
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(4)Let R,Se F(X xY)and T € F(Y x Z). For (z,2z) € X X Z,
[

(RUS)oT)(z,2)

ZE/Y (RUS) (z,y) NT(y, 2)

=V (R(z,y) VS (z,y) NT(y, 2)

= yy [(R(z,y) NT(y,2)) V(S (z,y) NT(y,2))]

= \E/Y (R(w7y)/\T(y7z))] v h/y (S(z,y) NT(y, 2))

(RoT)(x,2) V(SoT)(x,2)

[(RoT)U (S oT)(z,2) .
5)Let Re F(X xY)and S € F(Y X Z). Then (x,2) € (R0 S),
(RoS)(z,2) >«

V (R(z,y) AS(y, 2)) > «

yey

JyeY, R(x,y) ANS(y,2) >«
JyeY, R(z,y) > aand S(y, 2) > «
ey, (z,y) € Ry and (y,2) € S
(z,2) € Ry 0 S,

(6) Take R, S € F(X xY)and T € F(Y x Z)
Then, for any (z,2) € X x Z

(RN S)oT) (z,2)

= V (BN S)(z,y) ANT(y, 2)]

yey
=V R(z,y) AS(z,y) NT(y, 2)
yey

é/y (R(z,y) AT (y,2)) A (S(x,y) NT(y,2))

< [V (R(wvy)AT(y,Z))] A [V (S(z,y) NT(y, 2))

—~

<~
—
—
—
—
—

yeyYy yey
[(RoT)N(SoT)](x,2) m

2.3.2 Fuzzy Equivalence
Definition 281 If R(z,x) = 1 Va € X, then R is called a reflexive (fuzzy)

relation.

If X is finite and R = (r45),,..,,, reflexivity implies that r; = 1(i = 1,2,...,n)
and vice versa. As a result, we can observe the numbers on the principal diagonal
of R to judge whether R is reflexive or not.

Proposition 282 R is reflezive iff Va € [0,1], R, is reflexive.

Proof. If R is reflexive, then Vo € [0,1], R(z,2) =1 > «. Hence (z,z) € R,
viz. R, is reflexive.

Conversely, assume that Yo € [0,1], R, is reflexive. Particularly, R; is
reflexive. Hence Va € X,
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(x,x) € Ry, or R(z,z)=1. m
It follows from that R is reflexive iff R; (1-cut relation of R) is reflexive.

Definition 283 IfVz,y € X, R(z,y) = R(y,x), then R is called a symmetric
(fuzzy) relation.

Obviously, R is symmetric iff R = R™'. We know that R~! = R” in the
case of finite universes. Hence R is a symmetric relation iff R as a matrix is
symmetric in this case.

Proposition 284 R is symmetric iff Va € [0,1], R, is a symmetric relation.

Proof. If R is symmetric and (z,y) € R,, then R(y,x) = R(z,y) > «. Hence
(y,z) € R, which proves the symmetry of R,. Conversely, assume that Va €
[0,1], R, is symmetric. For any z,y € X, take & = R(x,y). Then (x,y) € R,
and hence (y,z) € R, due to the symmetry of R,. Therefore R(y,z) > o =
R(z,y).

Next, (z,y) € R, and hence (y,z) € R, implies R (x,y) > « and R (y,z) >
a. We can take R (y,z) = « so that R(z,y) > R(y,z). Combining the two
inequalities yields R(z,y) = R(y,z). =

Definition 285 If R D R?, then R is said to be a transitive (fuzzy) rela-
tion.

Proposition 286 R is transitive iff Vz,y,z € X, R(z,z) > R(z,y) A R(y, z).

Proof. R is transitive

< RDR?

< Va,z€ X, R(x,2) > R*(x,y)

< Va,y,z € X, R(z,2) > R(z,y) NR(y,z) m

If X = {1,22,...,x,} is finite and R = (73;)nxn, then R is transitive iff
R(xi,x) > R(zi,x;) A R(zj, ), i.e. 75 > 1y Arjp for 4,5,k =1,2,...,n.

Proposition 287 R is transitive iff Va € [0,1], R, is transitive.

Proof. (=) Let (x,¥),(y,2) € R, for any fixed o € [0,1]. It follows that
R(z,y) > a and R(y,z) > «. Then, R(z,y) AR(y,2) = o < R(z,2) =
(z,2) € R,

(<) We prove Vz,y,z € X, R(z,z) > R(z,y) N R(y,z). By letting
R(y,z) AR (y,z) = o, we have R (z,y) > o and R (y, z) > a so that (z,y) € R,
and (y, z) € R,. Hence R(z,z) > R (y,z) A R(y,z) = a since R, is transitive.
[

Definition 288 If R is reflexive, symmetric and transitive, then R is called a
fuzzy equivalence relation.

Proposition 289 R is a fuzzy equivalence relation iff Yo € [0,1], R, is an
equivalence relation.
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Proof. Direct consequence of previous three propositions m
We know that a crisp equivalence relation determines a partition of X. So
every R, determines a partition of X if R is a fuzzy equivalence relation. For
example, let R be a fuzzy relation on X = {x1,x9, x3, x4, x5}, defined by
1 04 08 05 05
04 1 04 04 04
R=1] 08 04 1 05 05
05 04 05 1 0.6
0.5 04 05 06 1
Apparently, R is a reflexive because the diagonal elements are 1. R is also
symmetric fuzzy relation because RT = R. In addition, it is easily checked that
R? = R, making R transitive. Thus R is a fuzzy equivalence relation.
For 0.8 < a < 1, Ry = {(z1,21), (2, z2), (x3,23), (T4, 24), (v5,25)}, the
partition of X determined by R, is {z1}, {2}, {zs}, {za}, {z5}.
Similarly, for 0.6 < « < 0.8, R, = {(x1,23), (x3,21)} the partition of X
determined by R, is {1, 23}, {z2}, {z4}, {z5}.
For 0.5 < a < 0.6, Ry, = {(x4,25), (x5, 24)} the partition of X determined
by R is {z1, 23}, {2}, {24, x5}
For0.4 < « < 05; Ra = {(‘rla 1174), (1134, 1‘1), (273, 174), ($37 l‘5)5 (‘T5a zS)a (1‘4, ng)}
the partition of X determined by R, is
{xl, T3, T4, .’L‘5}, {.’L‘Q}
If @« < 0.4, the elements in X cannot be partitioned by R,. Clearly, the
partition determined by R, becomes increasingly refined as the « increases.

Definition 290 Let R be a fuzzy equivalence relation on X. A fuzzy set [alg
for a € X defined by:

Vz,€ X, [a]lr(z) = R(a,x) is called the fuzzy equivalence class of a by R.
The set X/R = {[a]r | a € X} of all fuzzy equivalence classes is called the fuzzy
quotient set of X by R.

Example 291 Let X = {a,b,c} and R be a fuzzy equivalence relation on X
1 1 07

defined by R = 1 1 07 |. Thenlalg = 1/a+1/b+0.7/c; [b]lr =
07 07 1

1/a+1/b+0.7/c and [c]Jg = 0.7/a + 0.7/b+ 1/c. The fuzzy quotient set of X

by R is X/R = {[a]r, [c]r}-

We know that [a|r = [b]r iff aRb in the crisp case. The following is a fuzzy
counterpart of this result.

Proposition 292 If R is a fuzzy equivalence relation, then [algr = [blr iff
R(a,b) = 1.

Proof. (=) R(a,b) = [a]r(b) = [b]r(b) = R(b,b) = 1.

(<) If R(a,b) =1, then Vx € X, [a]gr(x) = R(a,z) > R(a,b) A R(b,x) =
R(b, ) = [b]r(2)
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since R is transitive. Similarly, [b]g(xz) = R(b,z) > R(b,a) A R(a,z) =
R(a,x) = [a]r(x) we have [b]g(x) > [a]g(x). Consequently, [a]g = [b]r. ®

Unlike the crisp case, the intersection of two distinct fuzzy equivalence classes
may be not empty. For instance, [a]g N [¢]g = 0.7/a + 0.7/b 4 0.7/c, which is
a non-empty set in the above example. We have the following weaker result
instead.

Proposition 293 If [a]g = [b]r, then hgt([a]r N [b]r) < 1.

Proof. If [a]g # [b]r and hgt([a]r N [b]r) = 1, then due to the transitivity of
R, we have
R(a,b)
>V (R(a,z) A R(z,0))
zeX

=V ([alr(z) A [B]r(2))

reX
hgt([algr N [b]r) = 1 which contradicts [a|g = [b]g iff R(a,b) =1. m

3 Fuzzy Analysis and Algebra

As known to us, the theory of classical sets is the foundation on which modern
mathematics rests. When sets are fuzzified, some traditional pure mathematical
branches are accordingly generalized. In this chapter, we introduce three well-
developed fuzzified mathematical areas briefly to have a glance at how a pure
mathematical theory can be fuzzified. The three areas are (i) fuzzy measures and
fuzzy integrals (ii) fuzzy algebraic structures including fuzzy groups, fuzzy rings
and fuzzy fields (iii) fuzzy topology. This chapter will be mainly for authors with
the elementary knowledge of the corresponding classical mathematical branches
and it will supply them with basic materials for further reading or research.

3.1 Fuzzy Measures

In mathematical analysis and in probability theory, a o-algebra (also sigma-
algebra, o-field, sigma-field) on a set X is a collection of subsets of X that is
closed under countably many set operations (complement, union and intersec-
tion). On the other hand, an algebra is only required to be closed under finitely
many set operations. That is, a o-algebra is an algebra of sets, completed to
include countably infinite operations.

More rigorously,

Definition 294 Let X be some set. Then a subset ¥ C P (X) is called a o-
algebra if it satisfies the following three properties:

3l is non-empty: There is at least one A C X in 3.

¥ is closed under complementation: If A is in X, then so is its complement,
X\A.

> is closed under countable unions: If Aq,As, Az, ... are in X, then so is

A=UA
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The main use of o-algebras is in the definition of measures; specifically, the
collection of those subsets for which a given measure is defined is necessarily a
o-algebra. This concept is important in mathematical analysis as the foundation
for Lebesgue integration

If X = {a,b,c,d}, one possible o-algebra on X is ¥ = {&, {a, b}, {c, d},{a,b,c,d}},
where @ is the empty set. However, a finite algebra is always a o-algebra. If
{A1, Ay, As,...} is a countable partition of X then the collection of all unions
of sets in the partition (including the empty set) is a o-algebra.

Proposition 295 Let (X,X) be a o-algebra. Then, the countable intersection
of elements of X is in X

Proof. |JA; € ¥ and A € ¥ Vi = (UAZ) =NA €L =

Definition 296 Let A C P(X) be a o-algebra and A, B € A,. If a mapping
g: A—[0,1] satisfies

(1) boundedness: g(@) =0 and g(X) =1

(2) monotonicity: A C B implies g(A) < g(B)

(3) continuity: A, T(or |) A (read A, — A monotonically) implies that
Jim g(4,) = g(4),

then g is called a fuzzy measure.

(X, A) and (X, A, g) are called a fuzzy measurable space and a fuzzy measure
space respectively.

Sugeno made the following interpretation: g(A) measures the certainty de-
gree to which a generic element z is in A. If A is empty, x is certainly not in
A. If A is the whole set, x is certainly in it. When A C B, the certainty degree
to which z is in A is of course less than the certainty degree to which z is in B.

Example 297 For any A € P(X) and A, B € A, the Dirac measure centered
in xg € X assumes the form

9A) = Alw) = o 20

where g s a fized element in X. To show that this is indeed a fuzzy measure,
9(@) = D(xg) = 0 since xg ¢ &. Next, g(X) = X(xg) = 1 since x € X by
default. For (2), let A C B. If A is empty, then (2) trivially holds. Assume A
is non-empty. Then, g(A) = A(zo) =1ifzo € A = zp€ B = g(B) =1.
Furthermore, if g(A) = A(zo) = 0. Then, xo ¢ A. Since 0 < g(U) € P(X) and
in particular for g(B). Thus, in all cases, g(A) < g(B).

Finally, let A, T(or|) A. If A, (x0) = 0Vn, then A(xo) =0. If Ay, (x9) =1
Vn, then A(z9) = 1 for some finite starting n, then A(xg) =1 or A(zg) =0
(this case is confusing). In all cases, nli_)rréog(An) = g(4),
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Proposition 298 If g is a fuzzy measure on the measurable space (X, A) and
A, B € A, then

(1) g(AUB) = g(A) V g(B);

(2) g(AN B) < g(A) Ag(B).

Proof. Clearly, we have AUB D A and AU B O B. Since g is monotonic,
therefore 1 holds

Next, ANB C A and AN B C B so that 2 holds m

More generally, g (UAl) > Vg (4;) and ¢ <ﬂAZ) > Ng (4;)
Definition 299 If a mapping gy : A — [0,1] depending on a parameter A
(A > —1) satisfies that

(1) gA(X) =1

(2) gA(AU B) = gxa(A) + gx(B) + Aga(A)ga(B) whenever ANB = @,

(3) Ay, T(or |) A implies that lim gy (4,) = gx(4),

then gy is called a \-fuzzy measure or a gy measure.

Proposition 300 Fach g\ measure is a fuzzy measure.

Proof. Since XN@ = g and X U = X, then we can apply (2) of g, measure

IANX U D) = ga(X) = ga(X) + ga(2) + Aga(X)gr(2)

or gA(D) + Aga(2) =0

or gA(2)(14+A)=0

Since A > —1, we have A+ 1 > 0ir A+ 1 # 0 so that g)(&) = 0. From (1)
of g) measure and g, (@) = 0, this satisfies (1) of fuzzy measure,

Assume that A € B. Then AU (B — A) = AU B = B, together with
AN(B—A) = leads to

IA(B) = gA(AU B) = ga(A) + ga(B) + Aga(A)gx(B)

or gx(A) + Aga(A)gr(B) =0

or ga(A) (14 Aga(B)) = ga(4)

(3) already holds =

Proposition 301 FEach gy measure satisfies the following properties.

c 1—gx (A€
(1) gr (A°) = 172l

(2) If A2 B, then gr(A — B) = 22405

(8) If A;NAj =@ fori# j, then gx (UAn> = % <H1 + Agx (An)> — %

Proof. (1) From AN A° = &, we have 1 = g(X) = ga(AU A°) = g\(A) +
9r(A°) + Agx(A)ga(A°) or

L=gx(A) (1+ Agr(A )) + ga(A°)

or 1 —gy(A°) = nggA) (14 Aga(A9))

oy _ 1-ga(A°

or g (4) = )

(2) Suppose A 2 B, Then, A = BU(A—B) and BN(A—B) = &. Therefore,
we use (2) to get
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gr (A) = gx(BU (A = B)) = ga(B) + gx(A — B) + Aga(B)gr(A — B)

or gx (A) — ga(B) = ga(A = B) (1 + Aga(B))

or LB — g\ (A - B)

(3) Assume From A; N Ay = &. Then, gx(A; U Az) = gx(A1) + ga(Ba) +

Aga(A1)ga(B2)
or g)\(Al U AQ)

5{ A(A1) +9x(A42) (1 +)\9A(A1))

or ga(A1UAy) = 5 + (A )+>\9>\(A2)( +oaa(A1)) — %
or ga(A1 U Ag) = g; 1+ Aga(As)) — 5
or gA(AlLJAQ = X +)\9A )) (1+>‘g)\(A2)) - %

Thus, (3) is valid for n = 2

Let g (UA) —1 (ﬁ1 + g (Ai)> — L hetrueif A;NA; = & for i #j

Then, g, ("QIAQ — g (UA) T g2 (Ans1) + Aga (UA) (A1)

oran (U'a:) = 4 (11202 (40)~For o2 [1 (T4 200 (49) = §| oa(ns)
Ua) =4 (I 2 (49) = 4+ (10200 (40)) r(40)

i

: )
_ (ﬁ1 T 2o (A,;)> (2 + gr(Ansn) — 1
0)a

>

or gx

@]
=
Q
>
/\/‘\3/\/\
Ci-
A
: > o>
P N N e N
Il
>|=
S
—
—
+
>
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>
—~
.’L
\_/
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>
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>
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>
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1
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S
>
>
=
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>
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>
\_/
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>|=

or g (UAn) oY <H + Agx (A, )> — X because gy is continuous m

Proposition 302 For A,B € A, gx(AUB) = HA(A)JFﬁ(ABg);(z%*B(f)g*(B)
Proof. On the one hand, gx(AUB) = gx» (AUB)N X)

— 0\ (AUB)N (AU A%)

=gx (AU (BNAY))

— 0\ (AU (B - 4))

Since AN (B — A) = @, we use (2) to get

INAUB) =gr(AU (B A)) = ga(A) + gx (B — A)) + Aga(A)gr (B — A)

On the other hand, g\(B) = g\ (BN X)

=gx (BN (AU A9))

=g\ ((BNA)U (BN A?))

Since (BN A)N (BN A°) =BNANA° =@, we can again use (2) to get
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IA(B) =g (BNA)U(B - A)) = gr(BNA)+gr(B—A)+Agr(BNA)gr(B—
A)
or gA(B) — grA(BNA) = gx(B — A) + AgA(BN A)gx(B — A)
or QA((g) - qu(,lj)m A) = gA(B — A) (1 + Aga(B N A))
— n
aasn - = (B —4)
Putting this in the previous equality, we get

g2(AUB) = gr(A) + 9x(B)=gr(B0A) Aga(A) gx(B)—gx(BNA)

or

1+kg)\(BﬂA) 1+)\g>\(BﬁA)
(1429 (ANB))gr (A)+Agx (A)gr (BNA)+gx (B)—gx (BNA)+Agx (A)gx (B) —Agx (A)gx (BNA)
l+)\g)\(AﬁB)
gr(AUB) = yA(A)+9A(B)I—er)\xg(ﬁaﬁg-))\gx(f\)gx([?) -

Example 303 Let X = {z1,22,...,2,} and A = P(X). If g; € [0,1] for
i=1,2,...,n satisfies [[ (1 + Ag;) = 1 + X then g defined by VA € A, g\ (A) =

(]
n
+ IT (14 Agi) — § is a A—fuzzy measure. Conversely, if gx is a A\—fuzzy mea-
x, €A
sure, then the equalities hold for gx({z;}) fori=1,2,...,n

Proof. Assume that the equalities are satisfied. Then g\ (X) =+ [I (14 Agi)—

r, €X
1
A n
=30 +20) - 5=31+1 -5 =1
Suppose that ANB =@. Writea= [[ (1+Ag;) and b= T[] (1+ Agi).
;€A z;EB
Then,
a(AuB) =5 TI (1+Ag) -3
r;EAUB
:,1\<H (1+>\9i)><n (1+>\9i)>—,1\
;€A z;€EB
=1 (ab—1)
=tab—f+3a—++3—ta+3b—3b
=1(a—1)+5(b—1)+3ab—ya—1b+ 1b
=1(@-1)+50b-1)+3ab— ya— yb+ 1b
=1(a-1)+30b-1)+AF(a—1)1(b—1)

= gx(4) + 9r(B) + Aga(A)gx(B)

Since X is a finite set, the continuity requirement is automatically satisfied.
Thus gy is a A-fuzzy measure.

Conversely, assume that g is a A-fuzzy measure.

ga({e1,221) = gr({a1}) + 92 ({22}) + Agr ({1 Doa({2)

= g1+ g2+ Agiga = 5 (1+ 1) [(1 + Ag2) — 1]

Hence the equality holds for A = {z1,22} for n = 2. Assume the equality
holds for some k.

k k—1 k-1
9x (U%) = gx ({zk}) + 92 (U%) + Agr({zk })gx (le>

i=1 i=1 i=1
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Applying mathematical induction, we can prove that the equality is valid for
n

all n. Observe that gx(X) = 1. By the same equality, 1 <H (1+ Xgi) — 1> =1,

we get the second. m

3.2 Fuzzy Algebra

In this section, we merely introduce the fuzzification of some main notions in
abstract algebra including groups, normal groups, rings and ideals

3.2.1 Fuzzy Group

Definition 304 A fuzzy subset A on G is called a fuzzy subgroup of G if it
satisfies the following conditions:

(1) A(zy) > A(z) A A(y) for any x,y € G and

(2) A(z=Y) > A(z) for any x € G.

As we know, a subset A of group G is a subgroup of G iff G satisfies that (1)
z,y € A implies zy € A and (2) x € A implies 27! € A. The two inequalities
in the above definition are just the fuzzification of these conditions.

Proposition 305 Let A be a fuzzy subgroup of G. For any x € G,
(1) A(z) < Afe),
(2) A(a™) = A(a),
(3) A(z™) > A(z), where n is an arbitrary integer.

Proof. (1) A(e) = A(zz™t) > A(z) A A(z™1) > A(z) A A(z) = A (x)

(2 A@ =A(() ") zAaE)

(3) Holds for n = 2. Assume it holds for k. Then, A(zF™1) > A(z)AA (2F) >
Alx)NA(z) =A(z) m

Proposition 306 Let A € F (G). Then A is a fuzzy subgroup of G iff A(xy~t) >
A(z) A\ A(y) holds for any z,y € G.

Proof. If A is a fuzzy subgroup of G, then A(zy=') > A(x) A A(y~?!) =
A(z) A Ay).

Conversely, suppose A(xy~!) > A(z) A A(y) holds for any z,y € G. Then
for any z € G,

Ale) = A(zz=1t) > A(z) A A(z) = A(x)

i.e. A(w) < A(e). Thus, for any z € G, A(z™) = A(ex™1) > A(e) A A(x) =
A(z).

Meanwhile, for any x,y € G, A(zy) = A (a: (y‘l)_1> > Alx) AN Ay~ >
A(x) A A(y). Therefore A is a fuzzy subgroup of G. =

Proposition 307 A is a fuzzy subgroup of G iff A, is a subgroup of G for
every a € R(G).
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Proof. Suppose that A is a fuzzy subgroup of G and « € R(G). Then 3z such
that A (z) = « so that A, # &. Let z,y € A,, i.e. A(x) > « and A(y) > a.
Hence,

A(zy™) > A(z) NA(y™) = A(x) A A(y) > «, and thus zy~! € A,.

Conversely, suppose 4, is a subgroup of G for every a € A(G). For any
z,y € G, let @« = A(z) AN A(y) € A(G). Then A(z) > o and A(y) > «a,
ie. * € Ay, and y € A,. Hence, zy~' € A, since A, is a subgroup of G.
Consequently, A(zy~!) > a=A(z) AN A(y). =

Particularly, A4y = {z | A(z) = A(e)} is a subgroup of G if A is a fuzzy
subgroup of G. We shall denote this subgroup by A*

The binary multiplicative operation in G can be extended to F(G) using the
Zadeh’s extension principle. Let A, B € F(G). Then A o B is defined by: for
any z € G, (Ao B)(z) = \/ (A(z) A B(y)). In addition, for every A € F(G),

z=xy
we shall define A~! € F (G) by: for any z € G, A7! (z) = A (z7'). With these
notions, we present an equivalent

statement of a fuzzy subgroup

Proposition 308 Let A € F(G).Then A is a fuzzy subgroup of G iff Ac A=t =
A.

Proof. If A is a fuzzy subgroup of G, then for any z € G, (Ao A71)(z) =
V (A(z) A A~ (y))

Z=xY

=\ (A@@) A Ay™)
z=xy
=\ (A(z) A A(y))
z=xy
< \/ A(zy) = A(z). Hence Ao A=! C A. Meanwhile, for any z € G,
z=xy
(Ao A1) (2) = \/ (A(z) N A7 Yy)) > A(z) A A(e). Thus Ao A7t D A.
z=xy
Consequently, Ao A~! = A.
Conversely, suppose A o A=! = A.Then, for any z,y € G, A(zy~!) =
(Ao A1) (zy™) > Alx) A A= (y) = Alx) A Aly). m

Proposition 309 Let A be a fuzzy subgroup of G and let f be an epimorphism
of G onto a group G'. Then f(A) is a fuzzy subgroup of G.

Proof. Assume that A is a fuzzy subgroup of G and let f (z) = uw and f (y) =
v € G'. We can thus have f (y=') = v™'. Since A (zy~') > A(z) A A(y), we
have f (A) (v7') A f(A) (u) = \/ Az) A \/ A(y™)

f(@)=u fly=H=v1!

= V (A@)AA(y))

f@)=u,f(y=H)=v="
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V A(zy™)
fl@)=u,f(y=1)=v—1!
Since f (y~') =v~! and f (z) = u, we have f (zy~') = uwv™!

Voo Al
f@)=u,f(y=H)=v"!
=V Al
fly=H)=uv~?
— 7 (4) ()
That is, f (A) (v7') A f(A) (u) < f(A) (wo™!) =

Proposition 310 Let f be a homomorphism from G to a group G! and let B
be a fuzzy subgroup of G'. Then f~1(B) is a fuzzy subgroup of G.

Proof. For any z,y € G, f~YB)(zy™t)

= B(f(zy™")) = B(f ( )f(y D)

> B(f(2)) A B(f(y))

— B(f(@) A B(f(y) )

> B(f(a)) A B(f(y))

— B AL UB)y).

Let G1,Ga,...,G,, be n groups. We know from abstract algebra that G x
Ga X ... X Gy, is still a group under the multiplication defined Vz;,y; € G; for
i =1,2,.,n, (T1,T2,,Tn) * (Y1, Y250, Yn) = (T1 % Y1, T2 * Y2,.., T * Yp). In
this group, (o1, T2,..., 7,) " F = (gcflmc;l, sapb). In a similar vain, we have the
following:

Proposition 311 Let Ay, Ao, ..., A, be fuzzy subgroups of G1,Ga, ..., G, respec-
tively. Then the Cartesian product Ay X As X ... X Ay, is a fuzzy subgroup of
G x Gy x ... x Gy

Proof. Form a tuple for z;,y; € G;. Since We have A; ( iy, ) A; (i) NAy (i)
then, (A1 X Ag X ... X Ay) (:clyl ,x2y2 s xnynl)

= /:\ ziy; !
ﬂ )

(A >< Ag X . X Ap) (Z1y1, T2y2y oy TnYn) W

—

Definition 312 A fuzzy subgroup A of G is called normal if A(xy) = A(yx)
holds for any x,y € G

Proposition 313 A fuzzy subgroup A of G is normal iff A(zyx=') = A(y)
holds for any xz,y € G.
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Proof. Suppose A is normal. By definition, for any z,y € G, A(xyz~!) =
A(zz™ly) = A(y).

Conversely, suppose A(zyx~!) = A(y) holds for any z,y € G.Then A(zy) =
A(zyzz~—!) = A(yx), i.e. Aisnormal. m

Proposition 314 A € F(G) is a normal fuzzy subgroup of G iff Ao A=t = A
and Ao B = Bo A holds for all B € F(Q)

Proof. For any fuzzy subgroup, Ao A=! = A. Take (Ao B)(z)

—\/ A@)AB)
VA AB )
_ y\E/GA (y=12) A B (y)
_ y\e/GA (y=12) A B (y)
=yi7A(x)AB(y)

= ZVIB (y) N A(z)

— (BoA)(2)

Conversely, Ao A~! = A implies A is a fuzzy subgroup. To show that A is
normal, take B = {z 7!}

Then, A (zy) = ({z7'} 0 A) (y) = (Ao {z7'}) (y) = \/ A(s)Nz71} (1) =

y=st

A(yz) m

Proposition 315 A € F(G) is a normal fuzzy subgroup of G iff A, is a normal
subgroup of G for any a € R(A)

Proof. A is a subgroup iff A, is one. For normality, take x € G and y € A,. It
follows from A(zyz~!) = A(y) > a. Hence zyz~! € A,, and thus A, is normal.
Conversely, take z,y € G and a = A(y). Then o € {A(z) | x € G} and y € A,.
Hence zyz—! € A,.Consequently, A(xy~'z) > a = A(y). As a result, A is a
normal fuzzy subgroup of G. =

Particularly, A* is a normal subgroup of G if A is a normal fuzzy subgroup
of G.

Definition 316 Let A be a fuzzy subgroup of G. For every x € G, define
zA, Az € F(G) by: Vy € G, (zA)(y) = A(z"1y) and (Az)(y) = A(yz~1).

Then A and Ax are called the left coset and right coset of A w.r.t. =
respectively. Clearly, A = Az holds for any z € G if A is a normal fuzzy
subgroup of G. In this case, we simply call zA(= Az) a coset. Write G/A =
{zA |z € G}.
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Lemma 317 Let A be two normal fuzzy subgroups of G. Then xAoyA = (zy)A
holds for any two cosets tA,yA € G/A

Proof. On the one hand, forany z € G, (zAoyA)(z) = \ ((zA)(z1) A (yA)(22))

> (24)(@) A (gAY (@ 2) = A(r~w) A Aly~a12) = A(e) A Alya12) =
A((zy)~t2) = ((zy)A)(2).
On the other hand, considering that A is normal,

(zAdoyA)(z) = V ((@A)(z1) A (yA)(22))

=V (AGta) A AGe)
= ) \z/z (A(z1z1) A A(z2y™1))
< V Al Yazoy™t)

= Az'zy™") = A(y~'az)
= A((zy)~'2) = ((zy)A)(2). =

We have the following result concerning (G/A, o).

Proposition 318 Let A be a normal fuzzy subgroup of G. Then
(1) (G/A,0) is a group and
(2) G/A is isomorphic to GJA*.

Proof. (1) Clearly, the operation o is associative, A is the identity of G/A and
the inverse of zA is 7' A. Hence (G/A, o) is a group.

(2) For any « € G, let f: 1A — xA*. Then, for any z,y € G,

f(zAoyA) = f(zyA) = ayA*= zA*yA*= f(zA) f(yA).

Hence f is a homomorphism. In order to prove that f is injective, suppose
that A = yA. Then A(z~'2) = A(y~!2) for all z € G. Particularly, A(z~1y) =
A(e) when z = y. Thus 271y € A*. Asaresult, tA*= yA*. Hence f is injective.
It is clear that f is surjective. In summary, f is an isomorphism between G/A
and G/A*. m

G/A will be called the quotient group of G by a normal fuzzy subgroup A
of G.

Proposition 319 Let A be a normal fuzzy subgroup of G. Define A:G/A —
[0,1] by: VeAe G/A,A(zA) = A(x).

Then A is a normal fuzzy subgroup of G/A.
Proof. Firstly, for any A € G/A, A((zA)™!) = A(z71A) = A(z™1) = A(x) =
A(zA) and for any xA,yA € G/A, A(zAByA) = A(zyA) = A(zy) > A(z) A
A(y) = A(zA) AN A(yA). Hence A is a fuzzy subgroup of G/A. Next, for any zA,
yA € G/A, A(zAoyA) = A(zyA) = A(zy) = A(yx) = A(yzA) = A(yA oz A).
Hence A is a normal fuzzy subgroup of G/A. m

Proposition 320 Let A be a normal fuzzy subgroup of G and let f be an epi-
morphism of G onto a group G. Then f(A) is a normal fuzzy subgroup of G.

()



Proof. By Proposition 5.8, f(A) is a fuzzy subgroup of G. Let u,v € G. Then
there exists € G such that f(z) = u since f is surjective. Hence, we obtain
successively f(A)(uvu=t) = V  A(z)
f(z)=uvu=1
= V A(z)
f2)=f(@)v(f(2)=
= \/  A(z) (f is a homomorphism)
flz=1zz)=v
= V A(zyz=')= V A(y) (A4 is normal)
fly)=v fly)=v
= f(A)(v).

Hence f(A) is a normal fuzzy subgroup of G. ®

Proposition 321 Let f be a homomorphism from G to a group G and let B be
a normal fuzzy subgroup of G. Then f~Y(B) is a normal fuzzy subgroup of G.

Proof. By Proposition 5.9, f~1(B) is a fuzzy subgroup of G. Now, let z,y € G.
Then f~1(B)(zy) = B(f(zy)) = B(f(2)f(y)) = B(f(y)f(z)) = B(f(yx)) =
FH(B)(ya).

Hence f~1(B) is a normal fuzzy subgroup of G. m
Proposition 322 Let Ay, As, ..., A, be normalfuzzy subgroups of G1, G, ..., Gy,
respectively. Then the Cartesian product ]_[AZ is a normal fuzzy subgroup of

i=1
G X Gy x ... x Gy

Proof. By Proposition 5.10, [] 4; is a fuzzy subgroup of G; X G2 X ... X G,
i=1
Furthermore, V(x1,z2, ... ,Zn), (Y1,Y25 -, Yn) € G1 X G X ... X Gy,

<H Az) (xl,fEQ, 7xn)7 (yla Y2, 7yn)

f=n

S,

Ai) ($1y1,$2y2w~ 7$nyn)

|

i (i)

i (Yiz;)

I
>=1
b b

.
Il

1
n

Il
N\

Ai) (y1$1792$27~- 7ynmn) L
1

3.2.2 Fuzzy Subrings

In this and next subsection, we assume (R, +,0) is a ring. For convenience, we
write zy instead of x oy for z,y € R.

Definition 323 A € F(R
(INz,y € R, A(z — y)
(2) Yo,y € R, A(zy) >

) is called a fuzzy subring of R if A satisfies that
> A(w) A A(y) and
A(z) A Aly)-
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From the definition, it follows that A is a fuzzy subgroup of R under addition
+ if A is a fuzzy subring of R. Furthermore, this fuzzy subgroup is normal since
the addition is commutative. As a result, Vo € R, A(x) < A(0) for every fuzzy
subring A, where 0 denotes the zero element of R.

Proposition 324 A € F(R) is a fuzzy subring of R iff A, is a subring of R
for every a € R(A).

Proof. The proof is similar to that of Proposition 5.6. m
By Proposition 5.19, A*= {z | A(z) = A(0)} is a subring of R. The opera-
tions on R can be extended to F(R) as follows: VA, B € F(R),Vz € R,

(A+B)=) = V. (A@) A B
(A=B)) = V(4@ ABW)
(Ao B)(z) = \i () A B(y))

Remark 325 A € F(R) is a fuzzy subring of R iff A— AC A and Ao A C A.

Proof. Let A be a fuzzy subring of R. Since A is a fuzzy group under addition,
A — A C A by Proposition 5.7. Moreover, Vz € R, (Ao A)(z) = \ (A(z) A

TY==z
Aly)) < A(zy) = A(z), i.e. Ao AC A.
Conversely, suppose that A — A C A and Ao A C A. Then, Vz,y € R,
Az —y) 2 (A= A)(z—y)
=V (AG)AAW) 2 Alx) A Al)
s—t=x—y
Similarly, A(zy) > (Ao A)(zy) = V (A(s) A A(t)) > A(x) A A(y). Conse-
ry=st
quently, A is a fuzzy subring of R. m

Proposition 326 Let A be a fuzzy subring of R and let f be an epimorphism
of R onto a ring R. Then f(A) is a fuzzy subring of R.

(o}

Proof. Let u,v € R. Then there exist z,y € R such that f(z) = u a
f(y) = v since f is surjective. Hence, we obtain successively f(A)(u)Af(A)(v) =

( V A(w)>A< V A(y)>
fl@)=u Fy)=v

= VA AA(y)
f@)=u,f(y)=v
A(x —y) (A is a fuzzy subring of R)

11

A

f@)=uf ()=

< V A(xz —y) (f is a homomorphism)
F(@)—f(y)=u—v

=TV AR = fA) ),
f(z)=u—v

Similarly,

f(A)(uv) = f(A)(u) A f(A)(v).

Hence, f(A) is a fuzzy subring of R. m
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Proposition 327 Let f be a homomorphism from R to a ring R and let B be
a fuzzy subring of R. Then f~Y(B) is a fuzzy subring of R.

Proof. For any x,y € R, f~(B)(zy) = B(f(wy)) = B(f(2)f(y))
B(f(y)) = f~1(B)(x) A f~H(B)(y). Similarly, f~(B)(z —y) > f
f~1(B)(y). Thus f~(B) is a fuzzy subring of R. =

> B(f(z)) A
— 1(B)(z) A

Definition 328 A fuzzy subring A of R is called a fuzzy ideal of R if it satisfies
that, for any x,y € R, A(zy) > A(z) V A(y).

Clearly, A € F(R) is a fuzzy ideal of R iff A satisfies that, Vz,y € R,
Az —y) > A(z) A A(y) and A(zy) > A(x) V A(y). If R is commutative, then
a fuzzy subring A of R is a fuzzy ideal iff R satisfies that, for any z,y € R,
A(zy) = A(z).

Proposition 329 Let A € F(R). Then A is a fuzzy ideal of R iff Ay is an
ideal of R for every a € R(A).

Proof. Firstly, suppose that A is a fuzzy ideal of R. Then, A, for « € R(A)
is a subring of R. Let z,y € Ay and z € R. Then A(z —y) > A(x) NAy) > «
and A(zz) > A(z) V A(z) > A(x) > . Hence, x —y € A, and zx € A,. Thus
A, is an ideal of R.

Conversely, suppose that A« is an ideal of R for every o € R(A). Then,
A is a fuzzy subring of R. Let z,y € R and o = A(z). Then oo € R(A) and
z € Ay. Since A, is an ideal, zy € A,. Hence A(zy) > o = A(z). Similarly,
A(zy) > A(y). Therefore, A(zy) > A(z) V A(y). Thus A is a fuzzy ideal of R.
Particularly, A* = {x | A(x) = A(0)} is an ideal of R if A is a fuzzy ideal of R.
[

Proposition 330 Let A be a fuzzy ideal of R and let f be an epimorphism of
R onto a ring R . Then f(A) is a fuzzy ideal of R.
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